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Abstract
The numerical investigations of relaminarization using statistical turbulence models
are presented. The goal is to identify suitable models that can be used in the design
and development process of a 3D scramjet inlet by means of numerical methods. The
computations were performed using a well-validated in-house finite volume flow solver. Two
baseline turbulence models were considered and several modifications were proposed and
tested within the scope of this work. It was revealed that common turbulence models are able
to predict the mean flow field sufficiently accurate. This is because turbulence is reduced
across the expansion region and therefore, the flow is mainly pressure-driven. Thus, the
accuracy of the turbulence models is less important. Furthermore, the production term plays
a dominant role in the transport equations of the Reynolds stresses while the other terms are
either less sensitive to the distortion or negligible. It is recommended that the Reynolds stress
model is the most suitable turbulence model for this type of flow since it contains the exact
production of the Reynolds stresses. For engineering applications, eddy viscosity models
may also be employed with some caution.
In addition, several 3D computations were performed for three different scramjet inlets in
which several numerical and physical phenomena were examined. These include examining
the importance of compressibility effects, investigating the effects of sidewall compression
and relaminarization on the performance of a 3D inlet and simulating a new optimized inlet.
This work represents a contribution to understanding the predictive capability of turbulence
models and to designing and developing a scramjet demonstrator.
i
Zusammenfassung
Diese Arbeit stellt numerische Untersuchungen mittels statistischer Turbulenzmodelle
vor. Hierbei ist die Zielsetzung die Identifikation passender Modelle für den Design- und
Entwicklungsprozess eines 3D Scramjet Einlasses mittels numerischer Methoden. Für die
Rechnungen wurde ein gut validierter in-house finite Volumen Strömungslöser genutzt. Im
Rahmen dieser Arbeit wurden zwei Baseline Turbulenzmodelle betrachtet und verschiedene
Modifikationen wurden vorgeschlagen und gestestet. Es wurde gezeigt, dass übliche
Turbulenzmodelle das Strömungsfeld im Mittel hinreichend genau abbilden, da die Turbulenz
in den Expansions-Gebieten reduziert wird und damit die Strömung Druck-getrieben ist.
Daher ist die Genauigkeit der Turbulenzmodelle weniger wichtig. Des Weiteren spielen
die Produktionsterme eine wichtige Rolle in den Transport-Gleichungen der Reynolds-
Spannungen, während die anderen Terme entweder weniger sensitiv gegenüber Störungen
(distortion) oder vernachlässigbar klein sind. Da das Reynolds-Spannungs-Modell die exakte
Produktion der Reynolds-Spannungen enthält, ist es für diese Art der Strömung das passende
Modell und sollte genutzt werden. Für Ingenieursanwendungen können mit Vorsicht auch
Wirbelviskositäts-Modelle eingesetzt werden.
Zusätzlich wurden mehrere 3D Rechnungen für drei verschiedene Scramjet Einläufe
durchgeführt und dabei wurden verschiedene numerische und physikalische Phänomene
untersucht. Dies beinhalten die Prüfung des Einflusses von Kompressibilitäts-Effekten,
die Untersuchung der Effekte der Seitenwand-Kompression und der Relaminarisierung auf
die Leistung des 3D Einlaufs und die numerische Simulation eines neuen, optimierten
Einlaufs. Diese Arbeit präsentiert einen Beitrag zum Verständnis der Vorhersagefähigkeit von
Turbulenzmodellen sowie zum Design und zur Entwicklung eines Scramjet Demonstrators.
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1 Introduction
This work is a part of the Research Training Group GRK 1095 “Aero-Thermodynamic Design
of a Scramjet Engine for Future Space Transportation Systems” [107] in Germany. Scramjets
are hypersonic airbreathing engines with a special technology that allows supersonic
combustion in operation. The main advantage of scramjets over conventional rocket engines
is that a scramjet does not require the vehicle to carry oxidizer because it takes oxygen
directly from the atmosphere. This provides the potential to increase the amount of payload
carried on board. A scramjet consists of four highly interdependent components: an inlet,
an isolator, a combustion chamber and a nozzle as shown in Fig. 1.1. The hypersonic flow
is first compressed by the oblique shock waves emanating from the compression ramps in
the inlet. In order to protect the inlet from the back pressure in the combustion chamber, an
isolator is used to facilitate the development of a shock-train that adapts the flow pressure
to the combustor. The air is then mixed with fuel and burned at supersonic speed inside the
combustion chamber. Finally, the exhaust gas is expanded in the nozzle so that the thermal
energy is converted into kinetic energy and thrust is generated.
Figure 1.1 Schematic of a dual-mode scramjet indicating engine processes and components (inlet,
isolator, combustion chamber and nozzle). Source: NASA Langley.
Since there are no rotating parts, the challenges in designing a scramjet engine are not in
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the complexity of the mechanical systems but rather in the aero-thermodynamic processes
that occur in high-speed flows. Aerodynamic difficulties arise because a small change in
the operating condition affects the performance of the engine significantly. For example, a
slightly different angle of attack causes a change in the position of the shock waves which
may have a large impact on the captured mass flow. Thermodynamic considerations are also
involved because the huge stagnation pressure and temperature in hypersonic flows result in
extremely high heat loads and wall temperature effects. These highly complex processes
are difficult and costly to measure in ground-based experimental facilities and in flight-
testing. Numerical simulations offer a practical and efficient way in which the design and
development of a scramjet engine can be assisted and also provide the bridge between small-
scale ground-based testing and full-scale flight conditions.
Figure 1.2 Typical configuration of a Scramjet inlet with external compression ramps and an interior
part. Mach contours illustrate the main flow features in the inlet. The free-stream Mach
number is 7.
This thesis focuses on the modeling, simulating and understanding of certain flow
phenomena in the scramjet inlet. In practice, the inlet of the scramjet engine presented in
Fig. 1.1 consists of several external compression ramps followed by an interior part (see
Fig. 1.2). The flow is compressed through a series of oblique shock waves generated by
the ramps and the sidewalls. Upstream of the interior part, the flow experiences supersonic
expansion at the end of the last ramp before encountering an oblique shock wave from
the cowl lip. The large adverse pressure gradient produced by this shock-boundary layer
interaction causes the boundary layer to separate from the inlet wall as shown in Fig. 1.2. The
separation bubble can cause a blockage of between 30-50% of the inlet height, thus causing
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significant reduction in the mass flow, and resulting in a considerable increase in spillage drag
[57]. Before this important separation can be accurately predicted, the state of the boundary
layer entering the interior part, which is experiencing a combined effect of favorable pressure
gradient, bulk dilatation (change of mean density), and convex streamline curvature [93],
must be known. The phenomenon of partial relaminarization was found to occur in some
instances in the region downstream of an expansion corner in which the boundary layer
exhibits a laminar-like nature [72]. It is then crucial to assess how well simulation can predict
this phenomenon in order to ensure a correct prediction of the performance of the whole
inlet. While common turbulence models were not developed for relaminarizing flows, it will
be shown in this thesis that they can indeed provide reasonable prediction. Two turbulence
models were investigated deeply:the Menter’s shear stress transport (SST) model [70] and the
Eisfeld’s differential Reynolds stress model [27].
Once the accuracy of the numerical method is confirmed with confidence, the method
is then applied to aid the design and development of a 3D scramjet inlet within the
Research Training Group through collaboration with the experimentalists. An ideal inlet
has to meet several requirements. First of all, the inlet must be able to operate at certain
conditions without choking. This imposes a limit on the contraction ratio that can be used
in designing the interior part of the inlet. Second, the inlet must provide a certain mass
flow rate at the required pressure and temperature into the combustion chamber in order
to guarantee supersonic combustion. Furthermore, it is desirable to have a homogeneous
flow condition at the interface between the inlet and the combustion chamber for a stable
combustion. Third, the loss of energy and mass flow should be minimized so that the engine
can operate efficiently. Finally, the inlet must not exceed a certain allowable weight and size
to be technically feasible. The ultimate goal of the group is to design a scramjet engine
demonstrator that provides positive net thrust. During the course of this thesis, the work
on the simulations of 3D inlet mainly concerned the effects of sidewall compression and the
development of a new design that can offer a better performance.
This thesis is organized in the following way. Chapter 2 describes the literature review
of the relaminarization phenomenon and some important flow interactions in a scramjet
inlet. The governing equations are discussed in chapter 3 with the focus on the problem of
turbulence closure and the physical understanding of the turbulent transport equations. Chap-
ter 4 provides a detailed discussion on turbulence modeling and the formulations of the
models used in this work. The numerical methods are given in chapter 5 including spatial
discretization, time integration, grid generation and boundary conditions. In chapter 6,
different canonical test cases of relaminarization and successive distortions are then tested
using several turbulence models and the predictive capability is analyzed and concluded. The
well-validated turbulence models are then applied in simulations of 3D scramjet inlets as
shown in chapter 7. Finally, chapter 8 provides the conclusion and outlook of the thesis.
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2 Literature Review of Physical Mechanisms
2.1 Relaminarization
In this section, the general definition of relaminarization is described with specific illustra-
tions, followed by the classification based on the mechanisms that cause this phenomenon.
The relevant type of relaminarization is then discussed in more detail for both subsonic and
supersonic flows. Finally, prediction of relaminarization is discussed.
2.1.1 Definition of relaminarization
Relaminarization is a physical phenomenon in which a turbulent flow is reverted to a laminar-
like flow in a certain manner. While it may seem counter-intuitive that a flow can change
from a disorder state to an order state, this phenomenon holds all thermodynamic principles
because the system is not closed. Viswanath et al. [103] described this phenomenon in a
simple experiment as shown in Fig. 2.1. In this experiment, a transparent plastic tube was
wrapped around a cylinder in 5 coils and came straight out again. Dye was then injected at
two locations: into the straight section just upstream of the tube bending and at the fourth
coil. At the first location, the dye diffused very rapidly indicating that the flow was fully
turbulent upstream of the bend. At the second location, however, the dye did not diffuse at
all, meaning that the flow was laminar there. Thus, relaminarization took place in between
the first coil and the fourth coil. Other simple demonstration of relaminarization can be found
in real life, e.g., a laminar jet coming out of a water tap must have been relaminarized if the
flow was turbulent in the mains.
A loose definition of a relaminarized flow is used in this thesis in which such flow may
not be completely laminar and may still carry some turbulence from the previous state of
the flow. These turbulent fluctuations however have negligible contribution to the mean flow
motion, i.e., the Reynolds stress term is much smaller than the other terms in the momentum
equation. Thus, the flow can be described without the need of any turbulence closure. This
type of flow is termed quasi-laminar flow by Narasimha and Sreenivasan [71]. The process
of relaminarization is also commonly referred to as laminarization, reversion and inverse or
reverse transition in the literature.
2.1.2 Classification of relaminarization
Narasimha and Sreenivasan [71] classified the mechanisms of relaminarization into three
basic archetypes as follows:
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Figure 2.1 Relaminarization in a coiled tube. Flow enters at top left, leaves at bottom right. Dye
injected continuously at the fourth coil does not diffuse, indicating laminar flow. Dye
injected at entry diffuses rapidly, indicating turbulence (photograph is taken just before this
dye reaches the fourth coil). Reproduced from Viswanath et al. [103].
• Relaminarization by dissipation: the turbulence kinetic energy is dissipated by viscous
effects or heat conduction. This mechanism was observed in experiments involving a
gradually enlargement of a pipe or channel [71]. In this case, the Reynolds number
(based on the averaged velocity and the channel height or pipe radius) decreases,
turbulence decays and the mean flow velocity profile asymptotically approaches the
classical laminar solution.
• Relaminarization in stably stratified flows: the turbulence kinetic energy is destroyed
or absorbed by the work done against an external force, e.g., buoyancy forces or flow
curvature. This is illustrated by an example in Fig. 2.2. Here, from the bottom of a tank
of water, dye was injected at a sufficiently high velocity. The jet was first laminar and
then became turbulent in a usual case as can be seen in the left picture. In the picture on
the right, the tank was heated at the top and this caused a density gradient in the tank.
Since the fluid was lighter at the top of the tank, the rising dye experienced a decreasing
buoyancy force, thus the dye had to work against the gravity. The turbulence kinetic
energy was then converted into gravitational potential energy and turbulence died out
rapidly resulting in a smooth layer of dye near the top. Both laminar-turbulent transition
and relaminarization can be observed in the right picture in Fig. 2.2.
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• Relaminarization in highly accelerated flows: it was found in the experiments that
relaminarization may take place under a severe favorable pressure gradient. This
happens in both subsonic and supersonic flows. However, the literature indicates that
the processes of relaminarization are not identical in these two flow regimes. In this
thesis, this mechanism is the main topic of interest since the relaminarization across
the expansion corner in the scramjet inlet is due to flow acceleration (and expansion).
Therefore, the following subsections are dedicated to this type of relaminarization.
Figure 2.2 Relaminarization in stably stratified flow. (a) Cold flow. (b) Flow with top fluid layers
heated. Note the transition to turbulence in the jet (marked T), followed by relaminarization
(marked R) in (b). Reproduced from Viswanath et al. [103].
2.1.3 Relaminarization in accelerating subsonic flows
In subsonic flows, relaminarization can be observed in a convergent duct where the flow is
accelerated due to the decreasing cross-sectional area. In the mean flow, the velocity profile
becomes laminar-like in which the viscous sublayer is extended, the log-law region collapses
and the wake region diminishes. The variation of the velocity is confined closer to the wall
so that the boundary layer seems to be smaller even though a weakly sheared region still
exist in the area of the initial boundary layer thickness. The skin friction initially increases
in response to an “ordinary” acceleration where the velocity profile is fuller near the wall but
starts to decrease when relaminarization takes place. After the favorable pressure gradient
is removed, the skin friction rises again indicating a retransition to turbulent flow. This
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process is summarized by Sreenivasan [98] in Fig. 2.3 where4p and Λ denote the parameters
of normalized pressure gradient. In this picture, it was proposed that the boundary layer
goes through three consecutive regions, a laminarescent region where the boundary layer
departs from the fully turbulent state, a relaminarization region where the boundary layer is
relaminarized, and a retransitional region where the favorable pressure gradient vanishes and
the boundary layer is becoming turbulent again.
Figure 2.3 The process of relaminarization. Reproduced from Sreenivasan [98].
Regarding the turbulence, the turbulent stresses were found to decay rapidly in the vicinity
of the wall along with the generation of a new laminar sublayer. This is illustrated in Fig. 2.4
where the evolution of the streamwise turbulent intensity along a streamline is plotted. The
reduction can be associated with the cessation of turbulent bursting at the wall, which is
known to be the primary mechanism for the generation of turbulent energy [50]. Furthermore,
the intermittency was found to extend even to the wall region [29] and the large eddy structure
is elongated in the streamwise direction [8]. In the outer part of the boundary layer, however,
the absolute value of turbulent intensity and the Reynolds shear stress were found to be
“frozen”, i.e., remained almost constant along the streamlines, as shown in Fig. 2.5. This
led Narasimha and Sreenivasan [71] to proposing a two-layer model: an outer layer in which
the pressure forces dominate the Reynolds stresses and turbulence has negligible contribution
to the mean flow motion, and a new laminar subboundary layer near the wall.
It was also observed in the experiments that the process of relaminarization occurs
gradually, while the retransition process takes place rather rapidly [106]. The latter behavior
is probably similar to a bypass transition due to the large remnant of turbulence in the outer
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part of the boundary layer.
Figure 2.4 The decay of streamwise turbulent
intensity along a streamline in the
inner region of a relaminarizing bound-
ary layer. Reproduced from Sreeni-
vasan [98].
Figure 2.5 The “freezing” of Reynolds shear
stress along outer streamlines during
relaminarization. Reproduced from
Sreenivasan [98].
2.1.4 Relaminarization in expanding supersonic flows
The fundamental difference between relaminarization in supersonic flows and in low Mach
number subsonic flows is mainly attributed to the effect of density variation in the outer layer.
In contrast to subsonic flow, flow acceleration in supersonic regime is normally accompanied
with flow expansion, because the density drops faster than the increase of velocity. Therefore,
relaminarization is normally found in supersonic divergent nozzle or around convex surface
or expansion corner. Fig. 2.6 illustrates the flow features of a supersonic flow past an
expansion corner observed in an experiment [25]. Here, unlike the accelerating subsonic
flow, the boundary layer is thicker downstream of the expansion corner due to the expanding
effect. More importantly, it can be seen that the large scale fluctuations in the outer part
of the boundary layer are damped significantly across the expansion fan indicating that the
turbulence is not frozen but is reduced. This is confirmed by the fluctuation measurements
in several experiments using different experimental techniques [3, 25, 91]. Dussauge and
Gaviglio [25] demonstrated that the reduction of turbulence in the outer layer is mainly due
to the flow dilatation which is a pure effect of compressibility (to be discussed in more details
in chapter 3). Therefore, relaminarization in the outer layer in supersonic flows is not only
driven by the pressure forces but also by the flow dilatation.
The relaminarization process near the wall is expected to be similar to that in subsonic
flows. The bright layer in the near wall region downstream of the expansion corner in Fig. 2.6
can be associated to the new laminar subboundary layer [71]. After a certain streamwise
distance, the flow in this layer is retransitioning into a turbulent state. Since the turbulence in
the outer layer is damped strongly, the retransition process in this case should be more similar
to a natural transition than a by-pass transition. Johnson [48] and Goldfeld [34] noticed that,
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Figure 2.6 Visualization of a turbulent boundary layer passing an expansion corner in supersonic flow.
Large scale fluctuations in the outer layer of the boundary layer are damped downstream of
the expansion fan. Reproduced from Dussauge and Gaviglio [25].
depending on the interaction strength, it may take a relatively long streamwise distance until
retransition occurs in supersonic flows. Smith and Smits [92] also showed that the growth of
turbulence in the outer layer is relatively slow downstream of the expansion region.
Criteria for the occurrence of relaminarization have been proposed by many authors as
summarized by Sreenivasan [98], mostly involving a type of Reynolds number. For super-
sonic turbulent flow over expansion corner, Narasimha and Viswanath [72] reviewed a wide
selection of experiments (see Fig. 2.7) and concluded that below Mach 3, relaminarization
would occur when ∆P/τ0 is larger than 70 in which ∆P is the total pressure drop (considered
as positive in an expansion) and τ0 is the upstream wall shear stress. This criterion is attractive
since it takes the information from both the mean flow and the near wall turbulence. The use
of ∆P is also consistent with Johnson’s experiments where it was shown that the dominating
influence in this flow is the total pressure drop rather than the strength of the pressure
gradient [48, 93].
A scaling law to identify the downstream influence of an expansion corner was proposed
by Lu and Chung [66] using the mean pressure distribution. The hypersonic similarity
parameter K = M∞α was chosen as the scaling parameter where M∞ is the free-stream
Mach number and α is the expansion angle. The downstream influence was defined as the
horizontal distance from the corner to the intersection of the tangent through the downstream
pressure data with the expected inviscid pressure. Lu and Chung validated the scaling law for
Mach 1.76 to Mach 8 and K up to 1 and found that downstream influence distance increases
with K.
Direct measurements of skin friction on a surface is challenging because the velocity
very close to the wall is required. Using floating-element gauges such as Preston’s probe
10
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Figure 2.7 Pressure drop and wall stress just upstream of a corner in supersonic flow past an expansion
corner. Filled symbols indicate relaminarization reported in the experiments; filled, flagged
symbols relaminarization inferred by Narasimha and Viswanath [72]; open symbols no
evidence of relaminarization. Reproduced from Narasimha and Viswanath [72].
is a popular technique to measure the skin friction indirectly. In this case, the probe
provides a pressure difference between a point near the wall and the pressure on the wall.
An experimental correlation is then used to derive the skin friction. In order to reduce
the uncertainties due to boundary edge conditions and the normal pressure gradient, the
correlation should only depend on the wall variables [93]. In compressible flows, the only
calibration that satisfies this condition is the one from Bradshaw and Unsworth [13]. For
adiabatic flows and for uτd/νw > 100, this correlation reads:
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∆P
τw
= 96 + 60log10
(
uτd
50νw
)
+ 23.7log210
(
uτd
50νw
)
− 104M2τ
[(
uτd
νw
)0.26
− 2.0
]
(2.1)
where ∆P is the pressure difference measured by the probe, τw is the wall shear stress, uτ is
the friction velocity, νw is the flow viscosity at the wall and d is the distance from the probe
to the wall. Since both τw and uτ are computed from Cf , the skin friction coefficient can be
determined from ∆P through an iterative procedure.
For expanded supersonic flows downstream of an expansion corner, Chew [19] proposed a
specific correlation based on a series of experiments at different Mach numbers and expansion
angles. Instead of using the pressure difference, this correlation employs the measured
velocity profile:
Cf = 0.246
(
ρw
ρe
)0.8
10−0.678H
∗
Re−0.268δ∗
2
, (2.2)
with
H∗ =
δ∗1
δ∗2
,
δ∗1 =
∫ δ
0
(
1− V
Ve
)
dn,
δ∗2 =
∫ δ
0
V
Ve
(
1− V
Ve
)
dn,
V =
∫ u
0
(
ρ
ρw
) 1
2
du.
(2.3)
u is the streamwise velocity component and V is the van Driest transformed velocity. δ∗1
and δ∗2 are the displacement thickness and momentum thickness based on V , respectively.
δ is the boundary layer thickness, n is an coordinate normal to the wall, H∗ is the shape
factor based on δ∗1 and δ∗2 , Reδ∗2 is the Reynolds number based on δ
∗
2 and ρ is the flow
density. Subscriptw denotes a variable measured at the wall and subscript e denotes a variable
measured at the edge of the boundary layer.
2.2 Prediction of relaminarization
With recent advances in supercomputers and massively parallel computers, direct numerical
simulation (DNS) and large eddy simulation (LES) are now feasible for canonical flows at
relatively low Reynolds number [51, 64]. However, industrial applications are still restricted
within Reynolds-averaged Navier-Stokes (RANS) framework because the flows of interest
are at high Reynolds number and the computational domain is large. A literature survey on the
ability of common RANS turbulence models in predicting relaminarization was conducted
and the results are summarized below.
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Viala et al. [102] performed a comprehensive review on the ability of different turbulence
models to predict relaminarization in subsonic flows. They found that the k −  model can
only predict relaminarization with some modifications such as changing the wall function to
account for the thicker viscous sublayer or modifying the  equation to include the effects
of favorable pressure gradient. These modifications are rather ad-hoc and are not suitable in
computations using unstructured schemes because they require non-local information such as
the skin friction. Testing a k − ω type model was also considered and it was concluded that
the model suffered from great sensitivity of the free-stream value of ω. However, the model
is able to provide good prediction at certain free-stream conditions.
Rumsey and Spalart [86] have recently reviewed the behavior of the Spalart-Allmaras
(SA) and k-ω shear stress transport (SST) turbulence models in predicting accelerated
sinkflow, which is an incompressible flow in a two-dimensional convergent channel. The
results show nearly constant streamwise skin friction coefficients and slight drop in the
peak values of the turbulent shear stress profiles at high acceleration parameters. These
flow quantities decreased much more significantly in the streamwise direction in DNS
computation by Spalart [95]. It was concluded from those studies that neither model can
predict relaminarization in highly accelerated incompressible sinkflow. Jakirlic et al. [47]
simulated the above-mentioned DNS of incompressible sinkflow using a near-wall, second
moment closure Reynolds stress model. They found that both mean flow properties and the
normal Reynolds stresses can be predicted closely with this type of model.
Testing RANS models for the relaminarization in supersonic flow is less documented.
Kamath [49] computed the experiment shown in Fig. 2.6 using a k−  model and a Reynolds
stress transport model. In this test case, the free-stream Mach number is 1.76 and the
expansion angle is 12◦. It was found that the velocity profiles can be predicted reasonably well
and that Reynolds stress model provided better prediction of the streamwise Reynolds stress
component. More importantly, it was observed that the Reynolds shear stress computed from
the Reynolds stress model is significantly smaller than that from the eddy viscosity model.
The reason for this was attributed to the treatment of the terms used in the models.
Viala et al. [102] also simulated the above supersonic test case using both eddy viscosity
models (different versions of k −  model) and a differential Reynolds stress model from Lai
and So [59]. The results indicated that RANS turbulence models can produce mean velocity
profiles that fit reasonably well to the experimental data, especially in the outer layer where
pressure is dominated. Although slightly different predictions were found in the inner region,
it can be said in overall that relaminarization was well predicted in this test case. They also
pointed out that the predictions of the streamwise Reynolds stress component is better using a
Reynolds stress model and since the turbulence structure downstream of the expansion corner
is totally different from the classical relation, using a Reynolds stress model for this type of
flow is more justified.
Dussauge and Gaviglio [25] considered the prediction of relaminarization from a different
perspective. Since the Reynolds stresses have little contribution to the development of the
mean flow in relaminarization, they solved the Euler equations of the mean flow across the
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expansion corner in Fig. 2.6 using the method of characteristics with the boundary conditions
given by the experiment. The mean flow solutions determined in this way were then used
as the input for the computation of the Reynolds stresses. This can be performed along
the streamlines when the diffusion is neglected according to rapid distortion approximation
(to be discussed in more details in chapter 3). Excellent agreement was achieved between
experiment and computation in the outer layer of the boundary layer. This result confirms
that the outer layer is driven mainly by the pressure forces and turbulence is negligible.
Furthermore, it indicates that the Reynolds stress transport model, which is the type of model
that Dussauge and Gaviglio used to compute their Reynolds stresses, is a promising candidate
to predict the turbulence behavior in this flow.
Another key aspect of relaminarization in incompressible flows is that once the acceleration
decreases below a certain threshold, the remaining turbulence will build up and the
relaminarized boundary layer will retransition to a fully turbulent state quickly. This point,
which is crucial to predict the correct boundary layer downstream of the interaction, is
normally poorly predicted by the turbulence models in this flow regime [5]. In supersonic
flows, however, retransition takes place at a much longer distance downstream of the
relaminarization [34, 48] and predicting retransition correctly is less important for the
application of scramjet inlet because other strong interactions may occur shortly after the
expansion region.
Beyond the scope of RANS, Refs. [51,113,114] demonstrated that LES can provide rather
good predictions of surface pressure, skin friction and mean velocity profiles for the cases
of successive expansion-compression in supersonic flow. These high-fidelity computations
are very useful to study relaminarization in the near wall region where experimental data are
normally not available due to the low spatial resolution of the measurements.
2.3 Interactions in high-speed flows
There are several two-dimensional and three-dimensional interactions that can be found in
a 3D scramjet inlet, e.g., impinging shock boundary layer interaction, swept compression
corner interaction, 3D fin interaction, crossing-shock interaction. For a detailed review of
these phenomena, interested readers are referred to Smits and Dussauge [93] or Knight et
al. [51]. In this section, only the successive distortions and the corner flows are discussed
because they are useful to understanding the numerical results obtained in this work.
2.3.1 Successive distortions
Studies of a boundary layer subjecting to successive distortions are considered in this thesis
because they can give new insight into the relaminarization process. Most of the test cases
of relaminazation mentioned in the previous section were performed in an ideal condition in
which the upstream boundary layer is fully turbulent and in an equilibrium state. In practical
applications, however, relaminarization usually occurs in a more complicated situation where
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the upstream boundary layer is non-equilibrium or even strongly distorted. For example,
it can be seen in Fig. 1.2 that the boundary layer on the first ramp is compressed by the
oblique shock wave from the second ramp before passing over the expansion corner. Here,
the pressure gradient is strong enough to cause a flow separation at the kink in between the
ramps. The boundary layer downstream of this separation bubble is strongly distorted due
to the effects of pressure gradient, streamline curvature and bulk compression and may not
recover to a usual turbulent state upstream of the expansion corner.
Before discussing the effects of partial relaminarization in successive distortions, it is
necessary to review the flow features at a compression corner. Such flow is illustrated in
Fig. 2.8. Here, the incoming boundary layer is fully turbulent. The pressure rise across
the corner is enough to cause a flow separation and the flow is first deflected partly by the
separation shock wave. The rest of the deflection is achieved more gradually downstream
through a series of compression waves. The whole flow is unsteady in which the shock wave
moves over a significant distance at low frequencies. This unsteadiness is more dramatic
as the compression angle and the size of the separation bubble increase [23]. Furthermore,
the velocity fluctuations are amplified strongly across the shock system as can be seen in
Fig. 2.9 in which the profiles of mass-flux fluctuations at several locations upstream and
downstream of the compression corner are shown. The amplification factor is, however, not
the same for the Reynolds normal stresses and shear stress. Thus, the structure of turbulence
downstream of the interaction is different from that of an equilibrium turbulent boundary
layer. The phenomena controlling the evolution of turbulence in shock wave boundary layer
interactions are discussed in more details in Smits and Dussauge [93].
Figure 2.8 Sketch of the shock wave turbulent
boundary layer interaction at a com-
pression corner. Reproduced from
Dussauge et al. [24].
Figure 2.9 Distribution of (ρu)′ in 16◦ compres-
sion interaction, in the region near the
compression coner. Reproduced from
Smits and Muck [94].
Successive distortions over a compression corner and an expansion corner were investi-
gated by Zheltovodov [115] and Smith and Smits [92]. In both experiments, the compression
angle and the expansion angle are the same; thus, there is no net change in the flow direction.
The turbulence behavior is illustrated in Fig. 2.10, where several profiles of the streamwise
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Reynolds stress component are plotted. In this figure, the distance x is measured at the
start of the compression ramp and only the profiles upstream of the compression corner
and downstream of the expansion corner are shown. At the first location downstream of
the expansion corner, it can be seen that the turbulent stress is remarkably similar to the
stress level upstream of the compression corner. However, further downstream, the Reynolds
stress continues to decrease indicating that the system is underdamped and relaminarization
imposes a second-order response on the turbulence [93]. Smith and Smits [92] proposed
a three zones of response hypothesis for successive distortions based on the shape of the
streamwise Reynolds stress: a recovery zone near the wall where turbulence recovers quickly
from the perturbations; a zone of strong response in the middle of the boundary layer where
turbulence eventually undershoots the equilibrium distribution (second-order response); and
a zone of advection near the edge of the boundary layer where turbulence appears to be
unchanged (linear response). When comparing this flow to the pure expanding flow in the
previous section, it can be seen that the formation of the new laminar subboundary layer
is limited (or even non-existent) because turbulence is strongly amplified upstream of the
expansion corner.
It was also observed in the experiments that the turbulent shear stress appears to change
sign downstream of the expansion corner. This phenomenon is further confirmed in another
experiment of a pure expansion corner by Arnette et al. [3]. Smith and Smits [92] estimated
the production term in the Reynolds stress equations and revealed that negative production
may occur and this is probably responsible for the change of sign in the shear stress. Overall,
it can be said that a decay of streamwise Reynolds stress, a collapse of the shear stress and a
fuller velocity profile combine together to inhibit the growth of turbulence in the outer layer
of the boundary layer [93]. Smith and Smits [92] also noticed that the effects of streamline
curvature are more important in successive distortions than in the case of a simple expansion
corner.
Zheltovodov et al. [112] performed a combined experimental and numerical study of a
supersonic turbulent flow over an expansion corner followed by a compression corner at
different Mach numbers and deflection angles. This type of successive distortions is also
interesting since the interaction between a shock wave and a relaminarized boundary layer
can be investigated. Zheltovodov et al. found that the fuller velocity profile downstream of an
expansion corner can enhance the resistance of boundary layer to separate in comparison
to an isolated compression corner. Once the flow is separated, the separation length is
increased with decreasing Reynolds number based on the boundary layer thickness (as shown
in Fig. 2.11). This is because the flow is more relaminarized at lower Reynolds number [33]
and there is less momentum being pumped to the near wall region by turbulence.
Zheltovodov et al. [112] validated the prediction of several successive distortion flows
at different Mach numbers and deflection angles using different eddy viscosity models.
They found that the mean flow structure, surface pressure and, occasionally, skin friction
distribution can be accurately predicted. However, the surface heat transfer distribution is
normally poorly captured by all the models. The difficulties in predicting these test cases
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Figure 2.10 Longitudinal Reynolds stress profiles for the flow over a compression corner followed by
an expansion corner. The distance x is measured from the start of the compression ramp.
Only the profiles upstream of the compression corner and downstream of the expansion
corner are shown. Reproduced from Smith and Smits [90].
are due to the flow separation at the compression corner and the shock unsteadiness. While
the prediction of flow separation can be improved using special treatment in the turbulence
model (e.g., stress limiter in the k−ω model [110]), the effects of shock unsteadiness cannot
be captured in steady RANS computation.
2.3.2 Corner flows
Corner flows belong to a class of interactions that occur in the vicinity of interior corners.
Such a phenomenon is important because complex shock-shock and shock boundary layer
interactions take place and induce flow separation and vortical structures. These may cause
significant increases in heat fluxes and skin friction coefficients and alter the efficiency of
the scramjet inlet dramatically. Therefore, corner flows must be considered in designing a
3D scramjet inlet with a sidewall. Fig. 2.12 illustrates two common sidewall designs of a
scramjet inlet: non-converging sidewall and converging sidewall. The latter is also referred
to as sidewall compression inlet due to the additional compression effects from the sidewall.
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Figure 2.11 Dimensionless separation length versus the Reynolds number based on boundary layer
thickness of a successive expansion compression flow. δ and M∞ are evaluated
downstream of the expansion corner but upstream of the compression corner. Reproduced
from Knight et al. [51].
Designing an inlet with sidewall compression is a compromise between a longer inlet with
smaller compression angle, thus imposing a penalty on size and weight to obtain the required
compression and a shorter inlet with larger compression angle, which lead to stronger shocks
from the sidewall and the increased probability of boundary layer separation. For example,
Holland [42] showed that, when the location of the cowl is fixed, increasing the sidewall
compression enhanced the total pressure recovery and the kinetic energy efficiency. However,
the mass flow captured was reduced significantly.
In order to understand the effects of corner flows, it is crucial to understand the physics
of swept shock boundary layer interaction. The corner flows in a scramjet inlet without
sidewall compression are considered first. In this case, the interaction can be classified as
intake-type corner flow [22] in which the strong ramp shock interacts with the weak shock
wave produced by the sidewall and impinges on the boundary layer that is developing on the
adjacent surface. However, since the sidewall shock is very weak in comparison to the ramp
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(a) (b)
Figure 2.12 (a) Inlet model with non-converging sidewall. (b) Sidewall-compression inlet design.
Reproduced from Krause [56].
shock, the interaction may also be viewed as a fin-type configuration. Along the flat plate, the
fin shock is acting as a swept shock wave that turns, compresses and decelerates the near wall
flow. The degree of turning is not the same throughout the whole boundary layer because of
the non uniform Mach number. If the interaction is sufficiently strong, the turning causes a
flow separation. Experimental investigations by Korkegi [55] found that incipient separation
occurs when
αincip. =
0.3
M∞
, (2.4)
where α is the fin angle and M∞ is the free-stream Mach number. At Mach equals to 7 which
is a typical flight Mach number of scramjet inlets, the incipient fin angle is 0.043 radian or
2.46◦. Since this value is usually smaller than the designed ramp angle, separated flow is
expected along the corner between the ramp and the sidewall of a scramjet inlet.
In case of flow separation, there is a formation of a vortical motion that sweeps the high
momentum fluid in the outer layer to the wall and remove the low momentum fluid from the
wall [93] as illustrated in Fig. 2.13(a). The inviscid ramp shock bifurcates into a λ-shock
structure with a separation shock and a rear shock that encompass the large scale vortex.
Alvi and Settles [1] proposed a detailed flow field model for this type of interaction based on
flow visualization (see Fig. 2.13(b)). In this model, the flow is viewed along the axis of the
helix and the flow features are similar to those in two-dimensional shock wave boundary layer
interaction at compression corner (Fig. 2.8) in which the vortex is equivalent to the separation
bubble. It can also be seen that a slip line is emanated from the triple point in order to make
sure that the pressure and flow direction are the same downstream of the λ-shock structure.
Furthermore, in between the slip line and the primary vortex, the flow is first accelerated
through a series of expansion waves before becoming a high speed impinging jet in the near
wall region. This jet is similar to the flow reattachment downstream of the separation bubble
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at the compression corner and is responsible for a zone of high skin friction and heat transfer
near the corner between the ramp and the sidewall. In addition to the main vortex, several
secondary vortices were found in the experiments and numerical simulations [52, 53]. These
are typically underneath the main vortical motion and along the shock generator close to the
corner (see Fig. 2.13(a)).
(a) (b)
Figure 2.13 (a) Visualization of swept shock boundary layer interaction. Reproduced from
Stollery [99]. (b) Flow field structure along the axis of the main vortex in Fig. 2.13(a).
The sidewall is aligned with the horizontal axis and the shock generator (fin) is aligned
with the vertical axis. Reproduced from Alvi and Settles [1].
In this flow, some surface properties such as wall pressure were found to scale in conical
coordinates except in a small “inception region” near the fin leading edge [67]. This means
that, if a spherical coordinate system (r, φ, β) is used instead of Cartesian coordinate system
as depicted in Fig. 2.14(a), the flow field on the surface can be seen as radiated from a
“virtual” origin and can be described by r and β. Far from the fin leading edge, due to
the quasiconical characteristic [65], only β suffices. The general surface features on the
sidewall are defined in Fig. 2.14(b). The fin is placed at an angle α to the incoming flow
and the inviscid shock angle is β0. The upstream influence line is the location of the onset
of the interaction. The separation line is where the separation shock wave impinges on the
surface and is characterized by the surface streamline convergence in the experiments. The
reattachment line is associated with the jet impingement in between the slip line and the main
vortex and is characterized by the surface streamline divergence.
Fig. 2.15 shows a simplified plot of the Alvi and Settles’ model with similar notation as in
Fig. 2.14(b). Here, the features on a spherical surface are projected onto a plane. ψ denotes an
angle measured on the spherical surface whereas β and φ are the latitudinal and longitudinal
angles measured from the origin of the sphere. βtp is the angle of the triple point. βss is the
angle of the separation shock wave which can be approximated by the angle of the upstream
20
2.3 Interactions in high-speed flows
(a) (b)
Figure 2.14 (a) Spherical coordinate system centered at the “virtual” origin of a three-dimensional fin.
Reproduced from Knight et al. [52]. (b) Sketch of surface flow visualization of the swept
shock boundary layer interaction. Reproduced from Lu et al. [67].
Figure 2.15 Simplified sketch of the Alvi and Settles’ model with similar notations as in Fig. 2.14(b),
except that βs1 in Fig. 2.14(b) is denoted as βss here. Reproduced from Lu [65].
influence line βU [65]. The azimuthal angle of the triple point is denoted as φtp and can be
computed according to Lu [65] based on the assumption that βtp ≈ β0 as follows:
φtp = arctan [sin (βU − β0)] tanψss. (2.5)
The separation shock angle ψss can be determined using oblique shock theory:
ψss = arcsin
(
Πss
MU
)
(2.6)
where
21
2 Literature Review of Physical Mechanisms
Πss =
√
(γ + 1)ζ13 + (γ − 1)
2γ
(2.7)
is a pressure function with ζ13 being the pressure ratio across the separation shock. Lu [65]
proposed that this ratio can be set as a constant value (ζ13 = 1.6) which corresponds to a shock
strength that is just enough to cause flow separation. MU in Eqn. 2.6 is the Mach number
normal to the upstream influence line which is assumed to be identical to the separation line:
MU = M∞sinβU . (2.8)
Therefore, φtp can be found conveniently if β0 and βU are known. While β0 can be easily
computed from α and M∞ using oblique shock wave theory, the determination of βU is not
straight forward. Lu et al. [67] performed a series of experiments from Mach 2.5 to Mach 4
and found that the data collapse on the following relationship:
4βU = βU − µ∞ = 1.57α, (2.9)
where µ∞ = arcsin(1/M∞) is the Mach angle of the free-stream flow and 4βU is defined as
the reduced upstream influence response function. Eqn. 2.9 indicates that4βU grows linearly
with α in the given range of Mach numbers.
The above theory can be useful in the preliminary design phase of a scramjet inlet when
the designers want to estimate the location of the triple point and see how large the effect of
swept shock boundary layer interaction is. However, when the free-stream Mach number is
larger than 4, this theory should only serve as a rough estimation because the applicability of
Eqn. 2.9 is not verified.
In case of sidewall compression, the shock wave from the sidewall is stronger and it
imposes similar effects on the boundary layer on the ramp. Fig. 2.16 shows a possible flow
field at a symmetric corner where the sidewall converging angle is equal to the ramp angle.
The shock system comprises of five different shock waves which can be seen as a mirrored
view of Fig. 2.13(b) across line I . Two of the shock waves are generated by the ramp and the
sidewall. The separation shock wave in Fig. 2.13(b) is represented by a Mach disk and the
other two shock waves are equivalent to the rear shock. It should be noted that, although the
shock systems are always symmetric, there are other possible shock interaction configurations
in this case. The interested readers are referred to D’Ambrosio and Marsilio [22] for more
details.
In conclusion, the presence of the sidewall imposes two major problems. First, it causes a
zone of high pressure and heat transfer near the corner which may lead to special requirements
on the structure and material of the sidewall. Second, the formation of the separation shock
wave with a larger inclined angle in comparison to the ramp shock results in more mass flow
spillage near the sidewall because the flow is deflected more upward in this region. Therefore,
if this phenomenon is not taken into account in the inlet design process, the captured mass
flow will not be as optimal as was intended in the design of a 2D inlet.
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Figure 2.16 Typical flow field at a symmetric corner in supersonic flow. The ramp angle is equal to
the sidewall converging angle. Reproduced from D’Ambrosio and Marsilio [22].
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3 Governing Equations of Turbulent Flows
This chapter discusses the governing equations of compressible turbulent flow and the
problem of turbulence closure within the framework of Reynolds-averaged Navier-Stokes
simulation (RANS). The physical meaning of each term in the transport equations of
turbulence is explained by examining the process of energy transfer between the mean
kinetic energy, the turbulence kinetic energy and the internal energy. The intercomponent
redistribution of turbulence energy and rapid distortion approximation are also described.
3.1 Navier-Stokes equations
The motion of a continuous medium is governed by the Navier-Stokes (NS) equations which
represent the conservation of mass, momentum and energy. The instantaneous equations are
as follows:
∂ρ
∂t
+
∂
∂xk
(ρuk) = 0, (3.1)
∂ (ρui)
∂t
+
∂
∂xk
(ρuiuk) = − ∂p
∂xi
+
∂τik
∂xk
, (3.2)
∂
∂t
[
ρ
(
e+
1
2
uiui
)]
+
∂
∂xk
[
ρuk
(
h+
1
2
uiui
)]
=
∂
∂xk
(τikui)− ∂qk
∂xk
. (3.3)
Cartesian tensor notation is used here where uk represents the k-th component of the fluid
velocity at a point in space and a given time. ρ is the fluid density, τik is the viscous
stresses acting on the fluid, qk is the heat transfer in the fluid, and e and h are the specific
internal energy and enthalpy of the fluid, respectively. The Einstein summation convention is
employed in these equations.
Since there are more unknowns than equations in the set of equations above, several
constitutive relations are needed to close the system. For an ideal gas, the equation of state
can be used to relate the pressure p, density ρ and temperature T :
p = ρRT, (3.4)
where R is the ideal gas constant. The specific internal energy and enthalpy can be defined as
follows:
e = CvT, (3.5)
h = CpT, (3.6)
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where Cv and Cp are the specific heat coefficients for constant volume and constant pressure
processes. These coefficients are constant in calorically perfect gas.
For a Newtonian fluid, the viscous stresses can be related to the fluid motion:
τij = 2µ
(
Sij − 1
3
Skkδij
)
= 2µS∗ij . (3.7)
µ is the fluid viscosity and is a property of the fluid that is independent of the flow motion.
δij is the Kronecker delta. Sij is the strain rate tensor and is defined as:
Sij =
1
2
(
∂ui
∂xj
+
∂uj
∂xi
)
. (3.8)
S∗ij in Eqn. 3.7 is commonly referred to as the traceless strain rate tensor. Finally, the heat
flux vector qk is usually determined from Fourier’s law as follows:
qk = −λ ∂T
∂xk
, (3.9)
and λ is the thermal conductivity that can be computed from the laminar Prandtl number:
PrL =
Cpµ
λ
. (3.10)
If the fluid is assumed to be ideal, Newtonian and calorically perfect, there is enough
information to solve the NS equations.
3.2 Reynolds average and Favre average
Since the smallest turbulent scales are much larger than the mean free path of the fluid [6], the
NS equations are also valid to describe the turbulent motions. Resolving all scales of turbulent
motions (direct numerical simulation), however, requires the number of grid points in a three-
dimensinal problem to be proportional to Re9/4 and the computational time proportional to
Re11/4 [6] in which Re is the flow Reynolds number. For real industrial applications where
the Reynolds number can be of the order of 106 or more, these requirements rapidly become
out of reach with the current state of computer power. Using Reynolds-averaged Navier-
Stokes equations, in which only the average values are solved, is the conventional approach
to reduce the required computational resources and turn-around time in simulating a practical
flow. Reynolds average is an ensemble average over a large number of samples or flow
realizations f :
f¯ = lim
N→∞
1
N
N∑
i=1
fi. (3.11)
With this definition, any quantity f can be split into a mean value f¯ and a fluctuating value
f ′ whose mean is null (f ′ = 0). For turbulent flow that does not vary with time on the average
(stationary turbulence), the ensemble average is equivalent to time average:
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f¯ = lim
T→∞
1
T
∫ t+T
t
fdτ. (3.12)
Assuming that the flow is incompressible (ρ is constant), decomposing uk into u¯k and u′k
and averaging Eqn. 3.1 yield the following equation:
∂u¯k
∂xk
= 0. (3.13)
This compact equation is obtained by using the fact that u′k = 0. Solving this equation
implies that the knowledge of the fluctuations is not of interest and only the averages are
important. While this is valid in many applications, it should be noted that certain information
is lost during the averaging process, such as the instantaneous maximum velocity in Eqn. 3.1.
Another important result obtained by taking the difference between the equation above and
Eqn. 3.1 is that the divergence of the fluctuating velocity is also zero in incompressible flow:
∂u′k
∂xk
= 0. (3.14)
The situation is different in compressible flow where both mean density ρ¯ and fluctuating
density ρ′ have to be taken into account. Replacing uk and ρ in Eqn. 3.1 by the sum of
their mean and fluctuating values, expanding the equation and taking the average yield the
following equation:
∂ρ¯
∂t
+
∂
∂xk
(
ρ¯u¯k + ρ′u
′
k
)
= 0, (3.15)
This equation is clearly more complicated since not only the variation of mean density
plays a role now but also the correlation of density and velocity fluctuations has to be defined.
If the same averaging procedure was done for the momentum equation, one would have to
deal with even more correlations including a triple correlation of ρ′, u′k and u′i [109]. In order
to simplify the averaged equations of compressible flow, Favre suggested to use a density-
weighted average [109]:
u˜i =
1
ρ¯
lim
T→∞
1
T
∫ t+T
t
ρuidτ. (3.16)
Here, the density is still Reynolds averaged. This approach is equivalent to averaging the
momentum of a unit volume ρui of the flow instead of the velocity:
ρ¯u˜i = ρui = ρ¯u¯i + ρ′u′i, (3.17)
and Eqn. 3.15 can be simplified to:
∂ρ¯
∂t
+
∂
∂xk
(ρ¯u˜k) = 0, (3.18)
which is similar to the laminar conservation of mass. While Favre averaging provides a great
way to simplify the equation, it should be noted that this averaging is only a mathematical
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tool and it does not remove the effects of density fluctuation on the flow. When using Favre
averaging, it is conventional to decompose the instantaneous velocity uk into a sum of a mass-
averaged part u˜k and a fluctuating part u′′k. Furthermore, it can be shown that, unlike u′k, u′′k
is non-zero [109].
In order to apply Favre average to the NS equations, the various flow properties are
decomposed below:
ui = u˜i + u
′′
i ,
ρ = ρ¯+ ρ′,
p = P¯ + p′,
τik = τ¯ik + τ
′
ik,
h = h˜+ h′′,
e = e˜+ e′′,
T = T˜ + T ′′,
qk = q¯k + q
′
k.
(3.19)
It is important to note that ρ, p, τik and qk are Reynolds-averaged in Eqn. 3.19. A set of
Favre-averaged equations can now be derived [26]:
∂ρ¯
∂t
+
∂
∂xk
(ρ¯u˜k) = 0, (3.20)
∂ (ρ¯u˜i)
∂t
+
∂
∂xk
(
ρ¯u˜iu˜k + ρ¯u˜
′′
i u
′′
k
)
= − ∂P¯
∂xi
+
∂τ¯ik
∂xk
, (3.21)
∂
(
ρ¯E˜
)
∂t
+
∂
∂xk
(
ρ¯H˜u˜k + ρ¯u˜
′′
i u
′′
k u˜i
)
=
∂
∂xk
(τ¯iku˜i)− ∂
∂xk
(
q¯k + q¯
(t)
k
)
+ ρ¯D(k). (3.22)
The term u˜′′i u
′′
k is called the Reynolds stress tensor and represents the mean contribution of
turbulence to the mean flow momentum balance. This term is also denoted here as R˜ik. The
total energy and the total enthalpy are defined as:
E˜ = e˜+
1
2
u˜ku˜k + k˜, (3.23)
H˜ = h˜+
1
2
u˜ku˜k + k˜, (3.24)
where k˜ is the turbulence kinetic energy:
k˜ =
1
2
u˜
′′
i u
′′
i . (3.25)
q¯
(t)
k is the turbulent heat flux which is the correlation between the velocity fluctuation and
the enthalpy fluctuation:
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q¯
(t)
k = ρ¯u˜
′′
kh
′′. (3.26)
ρ¯D(k) is associated with the turbulent transport of the turbulence kinetic energy and
molecular diffusion:
ρ¯D(k) = − ∂
∂xk
(
1
2
ρu′′i u
′′
i u
′′
k − u′′i τik
)
. (3.27)
As discussed previously, assuming the fluid is ideal, Newtonian and calorically perfect, the
NS equations and the constitutive equations form a closed set of equations to determine the
flow field. This is no longer true with the Favre-averaged equations since there are three new
unknowns: R˜ik, q¯(t)k and ρ¯D(k). These terms appear in order to compensate for the loss of
information during the averaging process. Thus additional equations are required to close the
system and this is the main topic of the next section.
3.3 Problem of turbulence closure
In response to the need of acquiring more equations, deriving transport equation of the
unknowns, e.g. R˜ik, is an interesting approach. The transport equation of the Reynolds stress
R˜ik can be obtained by several methods. One way is by cross-multiplying the momentum
equation with the fluctuating velocity components, summing up and time averaging the
product [109]. This method is commonly referred to as taking moments of the NS equations.
Alternatively, expanding the time derivative of the Reynolds stress leads to the same equation
(see chapter 5 by Friedrich in Ref. [37]) which is shown below:
∂
∂t
(
ρ¯R˜ij
)
+
∂
∂xk
(
ρ¯u˜kR˜ij
)
= ρ¯Pij + ρ¯Πij − ρ¯ij + ρ¯Dij + ρ¯Mij , (3.28)
where Pij , Πij , ij and Dij are the production, redistribution, dissipation and diffusion of
the Reynolds stresses, respectively. Mij is the contribution of the turbulent mass flux due
to compressibility effects. The physical interpretation of these terms and subsequently, the
reason for their names will be discussed later. In this section, the focus is whether deriving
additional equation by taking moments of the NS equations is helpful to close the system of
equations. The formulations of these terms are as follows:
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ρ¯Pij = −ρ¯R˜ik ∂u˜j
∂xk
− ρ¯R˜jk ∂u˜i
∂xk
, (3.29)
ρ¯Πij = p′
(
∂u′′i
∂xj
+
∂u′′j
∂xi
)
, (3.30)
ρ¯ij = τ ′ik
∂u′′j
∂xk
+ τ ′jk
∂u′′i
∂xk
, (3.31)
ρ¯Dij = − ∂
∂xk
[
−
(
τ ′iku
′′
j + τ
′
jku
′′
i
)
+ ρu′′i u
′′
ju
′′
k +
(
p′u′′i δjk + p
′u′′j δik
)]
, (3.32)
ρ¯Mij = u′′i
(
∂τ¯jk
∂xk
+
∂p¯
∂xj
)
+ u¯′′j
(
∂τ¯ik
∂xk
+
∂p¯
∂xi
)
. (3.33)
Except the production term, all the other terms contain new unknowns that require closure
and it is obvious that the additional equations in Eqn. 3.28 are not enough to close the system
of equations. Furthermore, due to the non-linearity of the NS equations, the equation for
second order moment R˜ij contains third order moments such as ρu′′i u′′ju′′k and if a transport
equation for third order moment is derived from the NS equations, one will get fourth order
moment and so on. Therefore, the lost information due to averaging cannot be recovered and
modeling is required for closure.
3.4 Process of energy exchange
Before turbulence can be modeled, it is important to understand how turbulence interacts with
the mean flow motion and the internal energy. This will be demonstrated in this section by
analyzing the transport equations of the mean kinetic energy, the turbulence kinetic energy
and the mean internal energy. The kinetic energy of the mean motion is defined as:
K˜ =
1
2
u˜iu˜i (3.34)
and its transport equation can be obtained by simply multiplying u˜i to Eqn. 3.21 and rearrange
the result [4]:
∂
(
ρ¯K˜
)
∂t
+
∂
(
ρ¯u˜jK˜
)
∂xj
= ρ¯u˜′′i u
′′
j
∂u˜i
∂xj
− τ¯ij ∂u˜i
∂xj
+
∂
∂xj
(
τ¯ij u˜i − ρ¯u˜′′i u′′j u˜i − p¯u˜j
)
+ p¯
∂u˜j
∂xj
. (3.35)
The transport equation of the turbulence kinetic energy can be derived by taking half the
trace of the Reynolds stress transport equation (Eqn.3.28) [4]:
∂
(
ρ¯k˜
)
∂t
+
∂
(
ρ¯u˜j k˜
)
∂xj
=− ρ¯u˜′′i u′′j
∂u˜i
∂xj
− τ ′ij
∂u′′i
∂xj
+
∂
∂xj
(
τ ′iju
′′
i −
1
2
ρ¯u˜′′i u
′′
i u
′′
j − p′u′′j
)
+ p′
∂u′′j
∂xj
+ u′′i
(
∂τ ij
∂xj
− ∂p¯
∂xi
)
.
(3.36)
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The mean internal energy e˜ is related to the total energy E˜, the mean kinetic energy K˜ and
the turbulence kinetic energy k˜ in Eqn. 3.23. Therefore, the transport equation of e˜ can be
found by subtracting Eqn. 3.35 and Eqn. 3.36 from Eqn. 3.22:
∂ (ρ¯e˜)
∂t
+
∂ (ρ¯u˜j e˜)
∂xj
=τ¯ij
∂u˜i
∂xj
− p¯∂u˜j
∂xj
+ τ ′ij
∂u′′i
∂xj
− p′∂u
′′
j
∂xj
− u′′i
(
∂τ ij
∂xj
− ∂p¯
∂xi
)
+
∂
∂xj
(
u′′i τ¯ij + p
′u′′j − q¯j − ρ¯h˜′′u′′j
)
.
(3.37)
The physical meaning of each term in Eqn. 3.35, Eqn. 3.36 and Eqn. 3.37 can now
be studied in more detail in the subsequent sub-sections. The concepts of homogeneous
turbulence and isotropic turbulence are frequently mentioned in the text and are briefly
defined here. Homogeneity refers to independence of position in space, thus, homogeneous
turbulence is a turbulent flow where turbulence is identical everywhere and the gradient of
every turbulent variable is always zero. Isotropy refers to the independence of orientation and
isotropic turbulence is a turbulent flow in which all the diagonal components of the Reynolds
stress tensor are the same and the off-diagonal components are zero.
3.4.1 Production of turbulence
It is obvious that Eqn. 3.35 and Eqn. 3.36 are highly analogous. However, there is only one
direct link between them which is the first term on the right hand side
(
ρ¯u˜′′i u
′′
j
∂u˜i
∂xj
)
. This term
appears in both equations with the opposite sign and thus, represents an energy exchange
between the mean and turbulent motions. This means that if this term deducts a certain
amount of energy from the mean kinetic energy, it will enhance the turbulence kinetic energy
by the same amount and vice versa. The physics of this process can be thought of as the
work of the Reynolds stress against the mean flow velocity gradient, similar to the resistance
of the viscous stress to the deformation of the fluid which is the second term on the right
hand side in Eqn. 3.35
(
−τ¯ij ∂u˜i∂xj
)
. It should be noted that while the work of viscous stress
transfers the energy from the mean motion to the internal energy directly (see first term on the
right hand side in Eqn. 3.37), the work of Reynolds stress adds up to the fluctuating motion.
Moreover, there is a fundamental difference between these two energy transfer processes. It
will be shown in the next section that the energy transfered by the viscous stress is a one-
way or an irreversible process. That is the mean kinetic energy is always decreased and
the internal energy is always increased. This is not the case for the energy transfered by the
Reynolds stress. The work done by the Reynolds stress against the velocity gradient can be of
either way and it is possible that the energy can flow from the fluctuating motion to the mean
motion. In many cases, however,
(
−ρ¯u˜′′i u′′j ∂u˜i∂xj
)
is positive and this term acts as a source of
turbulence kinetic energy. This is why this term is commonly referred to as the “production
of turbulence kinetic energy”.
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3.4.2 Dissipation of turbulence
The second term on the right hand side in Eqn. 3.35 and Eqn. 3.36 is considered here. Both
terms represents the direct transfer of kinetic energy into internal energy (see Eqn. 3.37) and
this process will be proved to be one way and irrecoverable here. First, considering the term
τ¯ij
∂u˜i
∂xj
, the velocity gradient tensor is split into a symmetric part, a divergence part and an
anti-symmetric part:
∂u˜i
∂xj
=
(
S˜ij − 1
3
S˜kkδij
)
+
1
3
S˜kkδij + Ω˜ij , (3.38)
where S˜ij is computed from Eqn. 3.8. Ω˜ij is the mean rotation rate and is defined as follows:
Ω˜ij =
1
2
(
∂u˜i
∂xj
− ∂u˜j
∂xi
)
. (3.39)
Substituting Eqn. 3.7 and Eqn. 3.38 into τ¯ij ∂u˜i∂xj , it can be shown that some terms are
vanished and the equation reduces to:
τ¯ij
∂u˜i
∂xj
= 2µ¯
(
S˜ij − 1
3
S˜kkδij
)2
. (3.40)
Thus, the above term is always positive since it is the sum of the square of the strain rates.
A similar analysis can be carried out for the term τ ′ij
∂u′′i
∂xj
, neglecting the effects of fluctuating
viscosity, to obtain the same conclusion that:
τ ′ij
∂u′′i
∂xj
= 2µ¯
(
S′′ij −
1
3
S′′kkδij
)2
> 0. (3.41)
Since −τ ′ij ∂u
′′
i
∂xj
is always negative in Eqn. 3.36, its role is to dissipate the turbulence kinetic
energy and thus, it is commonly named the “dissipation of turbulence kinetic energy”. It is
also common to denote this term as  which is a scalar and equals to half of the trace of the
tensor ij .
Physically, the mean kinetic energy is directly dissipated by the work of the viscous stress
against the flow velocity gradient. The dissipation of turbulence kinetic energy, on the other
hand, is done via a cascading process in which the large eddies are continuously broken into
smaller ones. When the smallest turbulence scales are reached, these eddies are dissipated
by the fluctuating viscous stress. The smallest scales are characterized by the Kolmogorov
microscale ηK [82]:
ηK =
(
ν3

)1/4
. (3.42)
These scales are much smaller than the length scale of the largest eddies which can be
comparable to the size of the flow of interest. For example, in atmospheric boundary layer,
the size of the eddies that contain the most turbulence kinetic energy are of the order of
kilometer while the Kolmogorov microscale is of the order of millimeter [32]. It is this great
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margin of scales that makes direct numerical simulation impossible in high Reynolds number
flows because it is necessary to resolve all the scales.
3.4.3 Diffusion of turbulence
The transport of kinetic energy is represented by the divergence terms on the right hand
side of Eqn. 3.35 and Eqn. 3.36. The role of these terms can be illustrated by integrating
them over a control volume that is confined by rigid walls. Applying the divergence theorem
and due to the no-slip condition, the integral can be proved to be zero (see George [32]
for more details). Therefore, the net contribution of these terms to the change of kinetic
energy is none in a confined environment and they only act as the forces to move the energy
from one place to another. In Eqn. 3.35, the spatial transport is done by viscous stress,
the turbulence itself and the pressure. In Eqn. 3.36, this is accomplished by the fluctuating
viscous stress, the turbulence and the fluctuating pressure. The transport term in Eqn. 3.36
is also called the “diffusion of turbulence kinetic energy” and it is obvious that this term
vanishes in homogeneous flow.
3.4.4 Effects of compressibility
The rest of the terms on the right hand side of Eqn. 3.35 and Eqn. 3.36 appears due to
compressibility effects. They are briefly described in this subsection.
The last term in Eqn. 3.35
(
p¯
∂u˜j
∂xj
)
represents the work done by means of bulk compression
or dilatation. This terminology comes from the fact that the divergence of velocity is directly
related to the change of density. This can be illustrated by re-arranging Eqn. 3.18 as follows:
1
ρ¯
Dρ¯
Dt
=
1
ρ¯
(
∂ρ¯
∂t
+ u˜j
∂ρ¯
∂xj
)
= −∂u˜j
∂xj
, (3.43)
where Dρ¯
Dt
is the total change of density following a fluid parcel [2]. It is clear that this term is
zero in incompressible flow where the density is constant. Furthermore, it transfers the energy
between the mean motion and the internal energy reversibly. When the flow is compressed(
Dρ¯
Dt
> 0
)
, this term is negative and the energy is added to the internal energy from the mean
motion. In expansion zone, the reversed process takes place.
A similar energy transfer process between the turbulence motion and the internal energy
is described by the fourth term on the right hand side of Eqn. 3.36
(
p′
∂u′′j
∂xj
)
. This term
is obtained from the trace of the redistribution term in the Reynolds stress equation (see
Eqn. 3.30) and represents the work done by the fluctuating pressure on the divergence of the
fluctuating velocity gradients. This term vanishes in incompressible flow.
The last term in Eqn. 3.36 is due to the effects of turbulent mass flux. Here, u′′j is referred
to as the “turbulent mass flux” because it can be shown that [109]:
u′′j = −
ρ′u′i
ρ¯
, (3.44)
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thus this term is proportional to a correlation of the fluctuating density and fluctuating
velocity. Since the fluctuating density is zero in incompressible flow, this term also vanishes
in that flow regime.
Lastly, the effects of compressibility on the dissipation term  was not discussed in the
previous section. It is mentioned here since testing different models for the compressibility
part of this term is one of the topics in this thesis. The dissipation term in Eqn. 3.41 can be
decomposed into a sum of a solenoidal dissipation (s), a dilatational dissipation (d) and an
inhomogeneous dissipation (I) (see chapter 5 by Friedrich in Ref. [37] for more details):
ρ¯ = ρ¯ (s + d + I) , (3.45)
ρ¯s = ν¯ρω′′i ω
′′
i , (3.46)
ρ¯d =
4
3
ν¯ρS′′kkS
′′
jj , (3.47)
ρ¯I = 2ν¯
(
∂2
∂xi∂xj
ρu′′i u
′′
j − 2
∂
∂xi
ρu′′i S
′′
jj
)
, (3.48)
where ν is the kinematic viscosity and ωi is the vorticity vector:
ωi = ijkΩkj (3.49)
and ijk is the alternating unit tensor. In incompressible flow, the solenoidal dissipation has
similar form while the dilatational dissipation vanishes because the divergence of velocity
fluctuations is zero (see Eqn. 3.14). The inhomogeneous dissipation is null in homogeneous
turbulence. Several algebraic models were derived for d as compressibility corrections which
will be shown in the next chapter.
3.4.5 Summary
Fig. 3.1 summarizes the process of energy transfer and balance between the mean kinetic
energy, the turbulence kinetic energy and the internal energy that were discussed so far. The
energy exchange occurs via the terms indicated by small arrows. Eqn. 3.35, Eqn. 3.36 and
Eqn. 3.37 can be retrieved by adding the terms with arrows pointing into the energy balance
and subtracting the terms with outward pointing arrows on the right hand side. Basically,
the mean motion transfers the energy to the fluctuating motion via the work done by the
Reynolds stresses on the velocity gradient. This process is reversible. The turbulence energy
is then transferred to the internal energy through a cascading process in which the smallest
eddies are dissipated by the fluctuating viscous stress irreversibly. The mean kinetic energy
is also dissipated into internal energy by the viscous stress. Additional energy exchanges are
accomplished by the compressibility effects that are only applicable in compressible flow.
Finally, the energies can be transported in space by the diffusion terms.
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Figure 3.1 Balance of energy in a compressible flow. Exchange between the mean kinetic energy,
mean internal energy and turbulent kinetic energy occurs via the terms indicated by small
arrows. All arrows pointing into the energy balance for some quantity Q are taken with a
positive sign on the right hand side; outward pointing arrows require multiplication by a
negative sign. Reproduced from Lele [63].
3.5 Intercomponent redistribution of energy
The Reynolds stress transport equation was derived in section 3.3 (see Eqn. 3.28). The
physical meaning of each term in this equation can be explained in a similar manner as in
section 3.4 since Eqn. 3.28 and Eqn. 3.36 are related. One exception is the redistribution term
Πij which is responsible for the energy exchange between the components of the Reynolds
stress tensor. The trace of Πij reduces to a small contribution of compressibility effects to
the turbulence kinetic energy in Eqn. 3.36 and does not bear the same significance as Πij in
Eqn. 3.28. Thus this section will focus on this term and how it redistributes the energy among
the Reynolds stress component.
3.5.1 Illustration of energy redistribution
The role of Πij can be best understood by looking at a simple incompressible shear flow in
which the three velocity components are u¯1(x2) and u¯2 = u¯3 = 0. This flow can be seen as
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a simplified version of the boundary layer flow under zero pressure gradient as illustrated in
Fig. 3.2.
x1
x2
u1(x2)
Figure 3.2 Schematic sketch of a simple shear flow.
From the definitions of the velocity components, the production terms of the components
of the Reynolds stress tensor can be reduced to:
P11 = −2u′1u′2
∂u¯1
∂x2
,
P22 = 0,
P33 = 0,
P12 = −u′22
∂u¯1
∂x2
.
(3.50)
It is clear that, among the diagonal components, only R¯11 receives the energy from the
mean motion in this case. If the flow is further assumed to be homogeneous so that the
diffusion terms can be neglected, the transport equations of R¯11, R¯22 and R¯33 reduce to:
∂R¯11
∂t
= −2u′1u′2
∂u¯1
x2
+
1
ρ¯
2p′
∂u′1
∂x1
− 11,
∂R¯22
∂t
= +
1
ρ¯
2p′
∂u′2
∂x2
− 22,
∂R¯33
∂t
= +
1
ρ¯
2p′
∂u′3
∂x3
− 33.
(3.51)
Because the dissipation term is always taking the energy away, R¯22 and R¯33 need to get the
energy from the redistribution term in this flow. Furthermore, the amount of energy transfered
into R¯22 and R¯33 is equal to that taken from R¯11 due to Eqn. 3.14. This is why this term is
named “redistribution” to denote the intercomponent energy transfer. It can also be said that
the role of the redistribution term is to make turbulence more isotropic. Since this term can
be of the same order of magnitude as the production term and it is difficult, if not impossible,
to measure this term in an experiment [6], modeling this term requires creativity and has
received great attention.
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3.5.2 Rapid and return-to-isotropy processes
Before the redistribution term can be modeled, it is necessary to relate the fluctuating pressure
to the velocity field. A Poisson equation of the fluctuating pressure can be obtained by
subtracting the divergence of the time-averaged momentum equation (Eqn. 3.21) from the
divergence of the instantaneous momentum equation (Eqn. 3.2):
∂2p′
∂xj∂xj
= −2∂u¯i
∂xj
∂u′j
∂xi
− ∂
2
∂xi∂xj
(
u′iu
′
j − u′iu′j
)
. (3.52)
For simplicity, the flow is assumed to be incompressible and the continuity equation
(Eqn. 3.13) holds. Using Green’s formula to solve Eqn. 3.52 gives:
p′(x0) = − 1
4pi
∫
V
[
2
∂u¯i(x)
∂xj
∂u′j(x)
∂xi
+
∂2
∂xi∂xj
(
u′i(x)u
′
j(x)− u′i(x)u′j(x)
)] dx3
|x− x0| , (3.53)
where x is the position vector. There is an additional surface integral in this equation due
to the presence of boundaries (see Ref. [6] for more details) but it is normally neglected in
turbulence modeling and thus is not shown here. It can be seen that the fluctuating pressure is
a non-local variable and can only be linked to the velocity field by an integral over the whole
physical space. The redistribution term can now be computed as:
p′(x0)
(
∂u′i(x0)
∂xj
+
∂u′j(x0)
∂xi
)
=
1
2pi
∫
V
∂u¯k(x)
∂xl
∂u′l(x)
∂xk
(
∂u′i(x0)
∂xj
+
∂u′j(x0)
∂xi
)
dx3
|x− x0|
+
1
4pi
∫
V
∂2
∂xk∂xl
(
u′k(x)u
′
l(x)− u′k(x)u′l(x)
)(∂u′i(x0)
∂xj
+
∂u′j(x0)
∂xi
)
dx3
|x− x0| .
(3.54)
The first term on the right hand side is called the “rapid” part of the redistribution [6]
because it represents the immediate reaction of turbulence when subjected to a mean velocity
gradient. In homogeneous turbulence, the velocity gradient is constant and can be moved out
of the integral and this term is linearly proportional to the velocity gradient. The second term
on the right hand side is commonly referred to as “slow” part of the redistribution [6] since
its effects are more progressive through the nonlinear correlation of the turbulence. This
term is also named “return-to-isotropy” because experiments of anisotropic homogeneous
turbulence, in which turbulence is only governed by the dissipation and “slow” redistribution,
showed that the turbulence relaxed towards an isotropic state at a time scale comparable to
the decay of turbulence kinetic energy [6]. The modeling of these terms will be discussed in
the next chapter.
To end this section, it should be noted that, while naming the terms in the transport
equations is a good way to remember the underlying physical mechanism, the name is
not always strictly correct. For example, since the redistribution tensor is not traceless
in compressible flow, it does not only redistribute the energy but also contributes to the
turbulence kinetic energy through the term p′ ∂u
′′
j
∂xj
. Thus, the name does not describe the whole
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physical process and referring to the term as a “pressure-strain” term is more accurate in this
case. Another example is that it is impossible to prove that the off-diagonal components of
the dissipation tensor ij are always positive [6]. Therefore, there may exist flow in which the
dissipation term “produces” the energy in one of the off-diagonal component of the Reynolds
stress tensor.
3.6 Rapid distortion approximation
Due to the nature of supersonic flow in which the flow itself is traveling faster than the
pressure waves, any changes in flow direction occur rapidly through a shock wave or a series
of compression or expansion waves. Therefore, turbulence is distorted by these phenomena
over a small period of time. If Td is the time during which the distortion is imposed on
turbulence and Tt is the characteristic time scale of turbulence (Tt can be estimated as the
ratio between k and ), the flow can be classified as a rapid distortion when Td/Tt  1 [93].
Since the non-linear terms in the momentum equation are related to the turbulence time
scale, for times much smaller than Tt, these terms can be neglected and the equation can be
linearized and analytical solutions can be determined for some simple cases [93]. This is
why rapid distortion methods are attractive in supersonic flows. However, in order to solve
a specific linear rapid distortion problem, some assumptions are often required in addition
to the rapid distortion criteria and these assumptions are normally not satisfied in practical
flows. It is then more useful to employ the rapid distortion criteria to simplify the Reynolds
stress evolution and identify the main physical mechanism in rapidly distorted flows. This
approach is called Rapid Distortion Approximation (RDA) following suggestion by Smits
and Dussauge in Ref. [93].
The RDA can be summarized by four main conditions which arise from linearizing the
fluctuating acceleration and fluctuating continuity equation. If q′, U , L, S and Λ denote the
representative scales of u′i, ui, the size of the distorted zone, the mean velocity gradient and
the turbulent eddy size, respectively, these conditions can be described as follows:
ρ′
ρ¯
 1, (3.55)
q′
U
 1, (3.56)
q′
ΛS
 1, (3.57)
q′
U
L
Λ
 1. (3.58)
The first two conditions are simply requirements that the density and velocity fluctuations
are much smaller than the mean density and velocity. In the third condition, the mean velocity
gradient is required to be much larger than the fluctuating velocity gradient. Finally, the last
condition is equivalent to saying that Td/Tt  1 and it makes sure that the total derivative
38
3.6 Rapid distortion approximation
of u′i is large compared to the nonlinear term. The interested readers are referred to Ref. [93]
for more details on this derivation and rapid distortion theory.
Considering the transport equation of the Reynolds stress (Eqn. 3.28), Dussauge and
Gaviglio [25] performed an order of magnitude analysis and showed that the diffusion term
can be neglected if the inequalities in Eqn. 3.55 and Eqn. 3.56 hold. Furthermore, Eqn. 3.57
is equivalent to stating that the dissipation term is much smaller than the production term
since the production term is of order q′2S and the dissipation term is of order q′3/Λ. It is also
necessary to prove that D
(
R˜ij
)
/Dt   in order to completely neglect the dissipation term
and this condition is identical to Eqn. 3.58. Therefore, it can be concluded that the change of
turbulence in a rapid compression or expansion is not governed by diffusive and dissipative
processes and RDA appears to be a useful tool to identify the important physics in a rapid
distortion.
A special case of rapid distortion is considered here which is a pure compression or
dilatation with spherical symmetry. The mean distortion is assumed to be isotropic and the
flow is driven only by the change of density (see Eqn. 3.43). Dussauge and Gaviglio [25]
showed that the return-to-isotropy part of the redistribution term is of the same order of
magnitude as the dissipation term and thus can be neglected. For the rapid part, if the
mean and fluctuating velocity gradients are split into a symmetric part, a divergence part
and an anti-symmetric part as in Eqn. 3.38, it can be proved that ∂u¯i
∂xj
∂u′j
∂xi
is independent of
the divergence part [25]. Therefore, the rapid part also vanishes in this flow. If it is further
assumed that the compressibility effects are negligible at relatively low Mach number (the
flow is still supersonic), the production term is the only source term in the transport equation
of R˜ij . Since the flow is assumed to be pure compression or expansion, the symmetric part
and anti-symmetric part in the velocity gradient vanish and the production term reduces to:
D
Dt
u˜′′i u
′′
j = −
2
3
u˜′′i u
′′
j
∂u˜k
xk
, (3.59)
Invoking Eqn. 3.43, the above equation can be integrated and the analytical solution is
that Tij = R˜ijρ¯2/3 is constant along a streamline. This means that, if mean dilatation is the only
distortion and RDA is valid, R˜ij is proportional to ρ¯2/3 along any streamline and the Reynolds
stress anisotropy remains unchanged. This relation was also proposed by Batchelor [93] using
dimensional arguments.
Interestingly, Dussauge and Gaviglio [25] also showed that the simple result in Eqn. 3.59
can be used to predict the evolution of R˜11 across an expansion corner rather well, except
in the near wall region (see Fig. 3.3). Here, pure dilatation is the main driving force on the
reduction of the velocity fluctuations across a 12◦ expansion corner in Mach 1.76. Near the
wall (y/δ < 0.35 where δ is the boundary layer thickness), RDA is not fully satisfied and the
predictions were not accurate. Similar results were obtained in the study of a 20◦ expansion
corner at Mach 2.89 by Smith and Smits [91] in which the dilatation alone is responsible
for approximately 90% of the reduction in R˜11 for at least 0.2 < y/δ < 0.8. These studies
indicated that across an expansion corner, the production term is the most important term in
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the Reynolds stress equation, at least in the outer layer of the boundary layer.
Figure 3.3 Velocity fluctuations in a 12◦ expansion corner at Mach 1.76. ◦, upstream profile;4, along
the last Mach wave in the expansion; - - - -, dilatation effect; shaded zone, dissipation effect.
Arrows indicate streamline correspondence. Reproduced from Dussauge and Gaviglio [25].
3.7 Summary
The governing equations of the mean flow and the problem of turbulence closure were
discussed in this chapter. Here, the focus was on the explanation of the physical meaning of
each term in the transport equations of turbulence. This serves as a foundation to understand
the modeling philosophy and formulation of the turbulence models shown in the next chapter.
In addition, following the work by Dussauge and Gaviglio [25], the main physical mechanism
of relaminarization in supersonic flow was identified using rapid distortion approximation.
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It was discussed in the previous chapter that averaging the NS equations provides an
economical way to solve the equations numerically. However, certain information is lost
during the averaging process and this cannot be retrieved by simply taking the moments of
the NS equations. In order to close the system of equations, modeling is required for the
extra terms and this is the focus of this chapter. In this chapter, the general formulation of the
turbulence models is first given. The modeling of each term in the transport equations will
then be explained next. Finally, several modifications to these baseline models are considered
and discussed at the end of the chapter.
4.1 Baseline turbulence models
Turbulence modeling can be regarded as an attempt to describe all the turbulent motions with
a reduced number of parameters. Observing Eqn. 3.21, one needs to at least characterize
the correlation of velocity fluctuations (the Reynolds stresses). This correlation represents
the velocity scale of the turbulent motion and the strength at which the flow is mixed
by turbulence [6]. However, knowing only the Reynolds stresses is not enough because
turbulence contains a broad range of time and length scales. This can be seen by examining
Eqn. 3.36 in which all terms have the dimension of density times velocity squared divided
by time. Since the dimension of the Reynolds stresses is density times velocity squared,
it is clear that the information of either turbulence time scale or length scale is required.
Physically, the turbulence length scale represents the distance over which the flow is mixed
by turbulent motions. Even though more than one length scale exist in turbulence, most
models only determine one length scale that is linked to the energy containing range [6]. The
most popular length scale variables in the turbulence modeling community are the dissipation
rate  and the specific dissipation rate ω [6].  is a natural choice since this term appears in
the transport equations of k˜ and R˜ij and it can be shown that [109]:
l ∼ k
3/2

, τ ∼ k

(4.1)
where l and τ are the representative length scale and time scale of turbulence, respectively.
The use of ω was first introduced by Kolmogorov as a variable that represents the inverse of
the time scale and was then further developed by Wilcox and others [109]. ω is commonly
related to  as follows:
ω =

Cµk
(4.2)
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where Cµ is a model coefficient which can be derived from the ratio of turbulent shear stress
and turbulence kinetic energy in the logarithmic layer of a boundary layer [109].
In addition to the velocity scale and length scale, because R˜ij is a tensor in Eqn. 3.21, a
constitutive relation is needed to express all the components in the tensor. This constitutive
relation can be both simple, e.g., when the models rely on the Boussinesq hypothesis, and
complex, e.g., in case of non-linear eddy viscosity models or algebraic Reynolds stress
models. When a full Reynolds stress transport model is used in which transport equations
of all components in the Reynolds stress tensor are solved, this relation is not needed.
In this thesis, turbulence closure is mainly achieved based on two turbulence models:
the shear stress transport (SST) model from Menter [70] and the SSG/LRR-ω Reynolds
stress model from Eisfeld [27]. While the SST model is chosen because it is very well
validated in various flows and was rated in a NASA technical memorandum as one of the
most accurate RANS models for aerodynamic applications [7], the Reynolds stress model is
a good candidate for the problem of relaminarization as discussed in chapter 2.
4.1.1 Formulation of the SST model
In the SST model, the transport equation of the turbulence kinetic energy (Eqn. 3.36) is
modeled as follows:
∂
(
ρ¯k˜
)
∂t
+
∂
(
ρ¯u˜j k˜
)
∂xj
= −ρ¯u˜′′i u′′j
∂u˜i
∂xj
− βkk˜ω + ∂
∂xj
[
(µ¯+ σkµt)
∂k˜
∂xj
]
, (4.3)
where the first term on the right hand side is the production term, the second term is the
dissipation term and the last term is the diffusion term. Compressibility effects are neglected
and βk and σk are the model coefficients. In this formulation, the specific dissipation rate ω is
used to represent the required information on the scale of turbulence. The transport equation
of ω in the SST model is given below:
∂ (ρ¯ω)
∂t
+
∂
(
ρ¯U˜kω
)
∂xk
=− αωρ¯u˜′′i u′′j
∂u˜i
∂xj
ω
k˜
− βωρ¯ω2 + ∂
∂xk
[
(µ¯+ σωµt)
∂ω
∂xk
]
+ σd
ρ¯
ω
∂ω
∂xk
∂k˜
∂xk
.
(4.4)
Similar to the modeled equation of k˜, the first term on the right hand side of Eqn. 4.4 is
the production term, the second term is the dissipation term, the third term is the diffusion
term and the last term is the so-called cross-diffusion term. αω, βω, σω and σd are the model
coefficients.
The first key feature of the SST model is that the model coefficients are blended between
two sets of values given in Table 4.1. The blending is obtained using the following
relationship:
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Table 4.1 Closure coefficients of the SST model according to Menter [70].
i σ(i)k β
(i)
k α
(i)
ω β
(i)
ω σ
(i)
ω σ
(i)
d
1 0.85 0.09 0.556 0.075 0.5 0
2 1.0 0.09 0.44 0.0828 0.856 2σ(2)ω
φ = F1φ
(1) + (1− F1)φ(2); F1 = tanh
(
ζ41
)
, (4.5)
with
ζ1 = min
max( √k˜
Cµωd
;
500µ¯
ρ¯ωd2
)
;
4σ
(2)
ω ρ¯k˜
max
(
σ
(2)
d
ρ¯
ω
∂ω
∂xk
∂k˜
∂xk
; 10−20
)
d2
 (4.6)
where Cµ = 0.09 and d is the distance from the nearest solid wall.
The SST model relies on the Boussinesq hypothesis in order to compute the Reynolds
stress components:
ρ¯R˜ij = ρu′′i u
′′
j = −2µt
(
S˜ij − 1
3
∂u˜k
∂xk
δij
)
+
2
3
ρ¯k˜δij . (4.7)
Here, the last term on the right hand side of Eqn. 4.7 is to make sure that the trace of R˜ij is
2k˜. The Reynolds stresses are assumed to be analogous to the viscous stresses (see Eqn. 3.7),
i.e., the Reynolds stresses are proportional to the mean rate of strains and the so-called “eddy
viscosity” µt = fµρ¯k˜/ω. It must be noted that, unlike the viscosity which is a property of the
fluid, µt is dependent on the flow itself.
The second key feature of the SST model is the formulation of the limiting function fµ:
fµ =
1
max
(
1, F2Ω
0.31ω
) with Ω =√2ΩijΩij . (4.8)
Ωij is the rotation rate that was defined in Eqn. 3.39. The second blending function is
defined as:
F2 = tanh
(
ζ22
)
, (4.9)
where
ζ2 = max
[
2
√
k˜
βkωd
,
500µ¯
ρ¯ωd2
]
(4.10)
The modeling philosophy of the SST model and the significance of the blending and
limiting functions are explained in more detail in section 4.2.
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4.1.2 Formulation of the SSG/LRR-ω Reynolds stress model
Unlike the SST model which belongs to the class of eddy viscosity models, the Reynolds
stress components are solved directly from their transport equations in the SSG/LRR-ω
Reynolds stress model, thus, the model does not rely on the Boussinesq hypothesis. This
approach is certainly more expensive but it does offer some advantages as will be discussed
later.
The general transport equation of the Reynolds stresses was shown previously in sec-
tion 3.3 in which Pij , Πij , ij and Dij are the production, pressure-strain correlation,
dissipation and diffusion of the Reynolds stresses, respectively. In the SSG/LRR-ω model,
compressibility effects are neglected, thus, Mij is not considered. The production term can
be computed directly from the Reynolds stresses and the velocity gradients and do not need
any modeling:
ρ¯Pij = −ρ¯R˜ik ∂U˜j
∂xk
− ρ¯R˜jk ∂U˜i
∂xk
. (4.11)
The redistribution term is formulated using a global approach in which the rapid and the
return-to-isotropy terms are modeled together:
ρ¯Πij =−
(
C1ρ¯+
1
2
C∗1 ρ¯Pkk
)
b˜ij + C2ρ¯
(
b˜ik b˜kj − 1
3
b˜mnb˜mnδij
)
+
(
C3 − C∗3
√
II
)
ρ¯k˜S˜∗ij + C4ρ¯k˜
(
b˜ikS˜jk + b˜jkS˜ik − 2
3
b˜mnS˜mnδij
)
+ C5ρ¯k˜
(
b˜ikΩ˜jk + b˜jkΩ˜ik
)
.
(4.12)
C1, C
∗
1 , C2, C3, C
∗
3 , C4 and C5 are the model coefficients. II = b˜ij b˜ij is the second
invariant of the Reynolds stress anisotropy tensor b˜ij which is defined as:
b˜ij =
R˜ij
2k˜
− δij
3
. (4.13)
An isotropic model is used for the dissipation term in which Cµ = 0.09:
ρ¯ij =
2
3
Cµρ¯k˜ωδij , (4.14)
The diffusion term is modeled based on generalized gradient diffusion hypothesis:
ρ¯Dij =
∂
∂xk
[(
µ¯δkl +D
(GGD) ρ¯
ω
R˜kl
) ∂R˜ij
∂xl
]
, (4.15)
where D(GGD) is a model coefficient.
In order to compute the turbulence length scale, this model also employs Menter’s ω
equation (Eqn. 4.4). Furthermore, in addition to the blending in the ω equation, the
coefficients in the redistribution term are also blended using the following relationship:
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φ = F1φ
(LRR) + (1− F1)φ(SSG). (4.16)
F1 is defined in Eqn. 4.5. The numerical values of the coefficients are given in the Table 4.2
for the redistribution term and Table 4.3 for the ω equation.
Table 4.2 Closure coefficients in the redistribution and diffusion terms with Cs = 0.22 and
CLRR=0.5556.
C1 C
∗
1 C2 C3 C
∗
3 C4 C5 D
(GGD)
LRR 3.6 0.0 0.0 0.8 0.0 (18CLRR + 12) /11 (−14CLRR + 20) /11 0.5
SSG 3.4 1.8 4.2 0.8 1.3 1.25 0.40 Cs/Cµ
Table 4.3 Closure coefficients for the ω-equation according to Eisfeld [26].
αω βω σω σd
LRR 0.556 0.075 0.5 0
SSG 0.44 0.0828 0.856 2σω
4.2 Modeling insights
In this section, the modeling approach of each term in the SST model and the SSG/LRR-
ω model will be explained in detail. The purpose of this is to provide a more thorough
understanding of turbulence modeling as well as to identify the strengths and weaknesses of
each model which are important to know before the models can be used in any application.
This also serves as a platform for the modifications in the models that are presented in
section 4.3.
This section is not intended to be a comprehensive review of turbulence modeling but
provides an explanation on the philosophy of the models that are relevant in this thesis. For a
more complete study of turbulence modeling, the interested readers are referred to Aupoix [6]
and Wilcox [109].
4.2.1 Modeling of production term
The production of turbulence kinetic energy and the Reynolds stresses are discussed here.
This process is represented by the first term on the right hand side of Eqn. 3.36 and
Eqn. 3.28 and its physical meaning was explained in section 3.4.1. Within the framework
of a differential Reynolds stress transport model, when all components of the Reynolds stress
tensor are solved, the production term Pij does not require any modeling. On the other hand,
if only the transport equations of the turbulence kinetic energy k˜ and a quantity that represents
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the length scale are solved, the production of k˜ has to be modeled using the constitutive
relation in Eqn. 4.7. Splitting the velocity gradient into a symmetric part, a divergence part
and an anti-symmetric part, it can be shown that:
ρ¯P k = −ρ¯u˜′′i u′′j
∂u˜i
∂xj
= 2µt
(
S˜ij − 1
3
∂u˜k
∂xk
δij
)2
− 2
3
ρ¯k˜
∂u˜k
xk
. (4.17)
In incompressible flow, the divergence of velocity is zero due to the continuity equation
and the above formulation reduces to
ρ¯P k = 2µtS¯
2
ij . (4.18)
Since this term is independent of the rotation tensor Ω¯ (the anti-symmetric part of the
velocity gradient), this model is insensitive to the effects of streamline curvature and flow
rotation. This deficiency can be illustrated by examining a simple shear flow on a weakly
curved surface (Fig 4.1). The velocity components are defined as u¯1(x2), u¯2(x1) and u¯3 = 0
in which ∂u¯2
∂x1
is significantly smaller than ∂u¯1
∂x2
. The exact productions given by the Reynolds
stress equation are:
P11 = −2u′1u′2
∂u¯1
∂x2
,
P22 = −2u′1u′2
∂u¯2
∂x1
,
P33 = 0,
P12 = −u′22
∂u¯1
∂x2
− u′21
∂u¯2
∂x1
.
(4.19)
x1
x2
Figure 4.1 Schematic sketch of a simple shear flow on a weakly curved surface.
Comparing to Eqn. 3.50, the effect of curvature, associated with ∂u¯2
∂x1
, appears in the
transport equation of R¯12 as the second term on the right hand side of the production P12.
Even though ∂u¯2
∂x1
 ∂u¯1
∂x2
, u′21 is normally significantly larger than u′22 and this term is not
negligible. Moreover, ∂u¯2
∂x1
contributes to the production of R¯22 and indirectly enhances u′22 in
P12.
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In contrast, if the Reynolds shear stress is computed from the Boussinesq hypothesis for
this flow as
R¯12 = u′1u
′
2 = −νt
(
∂u¯1
∂x2
+
∂u¯2
∂x1
)
(4.20)
and because the secondary strain rate ∂u¯2
∂x1
is much smaller than the primary strain rate ∂u¯1
∂x2
, its
effect is negligible and the model is much less sensitive to the presence of curvature in the
flow. This means that a Reynolds stress model such as the SSG/LRR-ω model can capture
the effects of flow rotation, streamline curvature and extra strain rates better than an eddy
viscosity model like the SST model.
4.2.2 Modeling of dissipation term
Figure 4.2 Normalized dissipation components in a turbulent boundary layer atReθ = 1410: symbols,
DNS data of Spalart [96]; dashed lines, Rotta’s model; solid lines, Eqn. 4.22. Reproduced
from Pope [82].
The dissipation rate  = Cµk˜ω, which was defined in section 3.4.2, is a scalar equal to one-
half of the trace of the dissipation tensor ij . This quantity is normally determined directly
or indirectly from a length scale equation such as the ω equation. For the Reynolds stress
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model, the whole dissipation tensor ij has to be modeled. Since the dissipation of turbulence
is related to the smallest scales which are thought to be isotropic, the simplest and most
common model for ij is:
ij =
2
3
δij (4.21)
which is employed in the SSG/LRR-ω model (see Eqn. 4.14). In this model, the diagonal
components are identical and equal to 2
3
 while the off-diagonal components are null.
However, several experiments and direct numerical simulations showed that this is indeed
not true, especially at low Reynolds number and near a solid wall. Fig. 4.2 illustrates the
components of ij , normalized by 2/3, in a turbulent boundary layer and it can be seen that
they are far from isotropic. Rotta (see Ref. [81]) proposed that the dissipation component is
proportional to the respective Reynolds stress component in homogeneous turbulence. His
model is exact in decaying turbulence at low turbulent Reynolds number and is often referred
to as the low Reynolds number limit. Therefore, there are several models [46,81] based on the
idea of blending Rotta’s model and the isotropic model using a Reynolds number dependent
function:
ij = f

k˜
R˜ij + (1− f)2
3
δij , (4.22)
where f is designed to be 1 at low Reynolds number and 0 at high Reynolds number. Both
Rotta’s model and the blended model are able to predict the dissipation anisotropy reasonably
well as shown in Fig. 4.2. Such a model is proposed in the next section for a modified version
of the SSG/LRR-ω Reynolds stress model. For a more complete review on the modeling of
the dissipation tensor, interested readers are referred to Perot and Natu [81] and Jarkirlic and
Hanjalic [46].
4.2.3 Modeling of diffusion term
The diffusion term has three contributions, namely, viscous diffusion, turbulent diffusion and
pressure diffusion (see Eqn. 3.36). The viscous diffusion is examined first. In incompressible
flow, the divergence of the viscous stress in Eqn. 3.21 can be written as:
∂τ¯ik
∂xk
= µ¯
∂2u¯i
∂xk∂xk
, (4.23)
If this formulation is used to derive the transport equation of the Reynolds stress and the
turbulence kinetic energy, the following is obtained for the incompressible viscous diffusion
term [109]:
∂
∂xk
(
τ ′iku
′
j + τ
′
jku
′
i
)
= µ¯
∂2u′iu
′
j
∂xj∂xj
, (4.24)
∂
∂xj
τ ′iju
′
i = µ¯
∂k¯
∂xj
. (4.25)
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Eqn. 4.24 corresponds to the viscous diffusion term in Eqn. 3.32 and Eqn. 4.25 corresponds
to the viscous diffusion term in Eqn. 3.36. It can be seen that the viscous diffusion is
proportional to the gradient of the Reynolds stress or the turbulence kinetic energy. Therefore,
the energy is transported from the region of high kinetic energy to lower. It is then reasonable
to assume that the turbulent diffusion and pressure diffusion play a similar role. If their effects
are lumped together using the eddy viscosity concept, the whole diffusion term in Eqn. 3.36
can be generalized for both compressible and incompressible flows and modeled as:
∂
∂xk
[
(µ¯+ σkµt)
∂k˜
∂xk
]
, (4.26)
where σk is a model coefficient. This diffusion model is used in the SST model as can be
seen in Eqn. 4.3. For the diffusion term in the Reynolds stress equation (Eqn. 3.28), there are
two popular models that both rely on the gradient of the Reynolds stress. The first model is
based on simple gradient diffusion hypothesis [26]:
ρ¯Dij =
∂
∂xk
[
(µ¯+ σkµt)
∂R˜ij
∂xk
]
(4.27)
in which the eddy viscosity is still used to compute the scalar value inside the bracket. In the
second model, which is based on generalized gradient diffusion hypothesis [26], the whole
term in the bracket is replaced by a tensor:
ρ¯Dij =
∂
∂xk
[(
µ¯δkl + σk
ρ¯R˜kl
ω
)
∂R˜ij
∂xk
]
. (4.28)
Figure 4.3 Diffusion coefficient computed from direct numerical simulations of boundary layer and
channel flows. σk in this figure is equivalent to 1/σk in Eqn. 4.26. Reproduced from
Cazalbou [17].
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The above formulation is employed in the SSG/LRR-ω Reynolds stress model (see
Eqn. 4.15). There are two important notes about the models shown above. First of all, these
models assume that the turbulent diffusion and pressure diffusion are driven solely by the
local gradient of turbulence quantities which may not be true in some cases. Second of all,
σk was found not to be constant in direct numerical simulations as illustrated in Fig. 4.3. It
must be noted that, due to different notation, σk in this figure is actually equivalent to 1/σk in
the equations. Across the boundary layer, σk varies widely, thus, setting σk to a constant is at
best an engineering approximation.
4.2.4 Modeling of redistribution term
As mentioned before, the redistribution term in the Reynolds stress transport equation
(Eqn. 3.28) can be split into a “slow” or “return-to-isotropy” part and a “rapid” part (see
Eqn. 3.54). The modeling of the “slow” part is considered first. This part is of the same
order of magnitude as the dissipation [25] and is normally modeled as a linear function of the
dissipation and Reynolds stress anisotropy:
ρ¯Π
(slow)
ij = −c1b˜ij , (4.29)
where c1 is a model coefficient. To understand the role of the model in Eqn. 4.29 better,
an incompressible homogeneous turbulence without velocity gradient can be used as an
example. The transport equations of R¯ij are simplified to:
∂R¯11
∂t
=−11 − c1b¯11,
∂R¯22
∂t
=−22 − c1b¯22,
∂R¯33
∂t
=−33 − c1b¯33.
(4.30)
Assuming that R¯11 is larger than 2k¯/3 and R¯22 and R¯33 are smaller. This means that b¯11 is
positive and b¯22 and b¯33 are negative. It is then obvious that the redistribution term is feeding
the energy to R¯22 and R¯33 from R¯11. This process reduces the magnitude of R¯11 and enhances
the magnitude of R¯22 and R¯33. When the turbulence becomes isotropic (R¯11 = R¯22 = R¯33),
the slow part of the redistribution term vanishes and the isotropization process ends.
While the physical mechanism of the return-to-isotropy term was confirmed by experi-
ments, it was also shown that its behavior is non-linear and it is not correctly described by the
linear model in Eqn. 4.29. Various models using non-linear functions and coefficients that
are dependent on the anisotropy invariants were proposed in the literature [6].
The modeling of the rapid part of the redistribution term is now discussed. In incompress-
ible homogeneous turbulence, the velocity gradient in the rapid term in Eqn. 3.54 can be
moved out of the integral:
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ρ¯Π
(rapid)
ij =
1
2pi
∂u¯k(x)
∂xl
∫
V
∂u′l(x)
∂xk
(
∂u′i(x0)
∂xj
+
∂u′j(x0)
∂xi
)
dx3
|x− x0| = a
li
kj
∂u¯k
∂xl
(4.31)
and the problem is to model the fourth rank tensor alikj . This tensor can be linked to a
two-point correlation tensor, the two points being x and x0, and possesses some interesting
mathematical constraints [6]. Launder, Rodi and Reece [84] (LRR) expanded this tensor as a
linear combination of the Reynolds stress tensor and after applying the symmetry conditions
and the constraints, the nine coefficients in the original expansion were reduced to one free
parameter c2 for model calibration:
ρ¯Π
(rapid)
ij =−
c2 + 8
11
(
ρ¯Pij − 2
3
δij ρ¯P
k
)
− 30c2 − 2
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ρ¯k¯
(
∂u¯i
∂xj
+
∂u¯j
∂xi
)
− 8c2 − 2
11
(
ρ¯Hij − 2
3
δij ρ¯P
k
)
.
(4.32)
This model is commonly referred to as the LRR model. Pij and P k are defined in Eqn. 3.29
and Eqn. 4.17, respectively. Hij is an additional term which is computed as follows:
ρ¯Hij = −ρ¯R¯ik ∂u¯k
∂xj
− ρ¯R¯jk ∂u¯k
∂xi
. (4.33)
There are several drawbacks with this linear model: the turbulence is assumed to be
homogeneous, the model is not realizable and this model is not able to reproduce solutions
from rapid distortion theory for finite times [6]. In order to address some of these issues,
Sarkar, Speziale and Gatski [87] proposed a quasi-linear model in which both the slow and
rapid parts are modeled together. The model is commonly referred to as the SSG model
and its formulation was adopted in the SSG/LRR-ω model as shown in Eqn. 4.12. It can be
seen that this model contains more terms which were designed to capture more physics and
enhance the predictive capability. For example, the non-linear term is included into the slow
part in order to better describe the rate of return-to-isotropy.
The key idea of the SSG/LRR-ω model is that the LRR redistribution model is employed in
the near wall region through the use of the blending function while the original SSG model is
activated in the far-field. This is because the SSG model was shown to yield improved results
over the LRR model in homogeneous turbulent flows [87], thus, it is particularly suited for
flow far from a solid boundary where turbulence tends to be close to homogeneous. On the
other hand, the LRR model is more well-validated for wall-bounded flow and can be used
together with an ω equation directly.
4.2.5 Length scale equation
The Menter’s ω equation that was employed by both the SST model and the SSG/LRR-
ω model is actually a combination of the standard ω equation in the near wall region and
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the standard  equation elsewhere. In order to see the benefits of this combination, it
is informative to review the advantages and disadvantages of these standard length scale
equations first.
The transport equation of  can be deduced from the NS equations in a way similar to
that of k˜. However, this equation is significantly more complicated with many additional
terms that require modeling [6]. Some of these terms are not measurable with current
experimental techniques and even if they can be studied in DNS, it is still difficult to model
them. Therefore, term by term modeling cannot be performed and it is customary to assume
that the transport equations of  and ω have a form similar to that of the turbulence kinetic
energy, i.e., they contain a production term, a dissipation term and a diffusion term. The
classical transport equation of  is given below:
∂ (ρ¯)
∂t
+
∂
(
ρ¯U˜k
)
∂xk
= C1 ρ¯P
k 
k˜
− C2 ρ¯
2
k˜
+
∂
∂xk
[(
µ¯+
µt
σ
)
∂
∂xk
]
. (4.34)
The first term on the right hand side is the production term in which P k is given in
Eqn. 4.17. The second term and the last term on the right hand side represent the dissipation
and diffusion processes, respectively. C1 , C2 and σ are constants for model calibration.
The ω equation was also proposed in the same manner where the formulation relies on
analogy with the transport equation of k˜:
∂ (ρ¯ω)
∂t
+
∂
(
ρ¯U˜kω
)
∂xk
= αωρ¯P
kω
k˜
− βωρ¯ω2 + ∂
∂xk
[
(µ¯+ σωµt)
∂ω
∂xk
]
. (4.35)
Similar to the  equation, three terms on the right hand side of the ω equation are the
production, dissipation and diffusion terms, respectively. αω, βω and σω are the calibrated
coefficients. The ω equation can be linked to the  equation and the turbulence kinetic energy
by multiplying Eqn. 4.2 with density and taking the total derivative:
ρ¯
D
Dt
= Cµωρ¯
Dk˜
Dt
+ Cµk˜ρ¯
Dω
Dt
. (4.36)
The total derivative of density is the same on both sides and cancels out. With the help of
the conservation of mass (Eqn. 3.20), Eqn. 4.3 and Eqn. 4.34 can be inserted into Eqn. 4.36
to obtain the following result:
ρ¯
Dω
Dt
= (C1 − 1) ρ¯P k
ω
k˜
− (C2 − 1)Cµρ¯ω2 + Diffusion term. (4.37)
The above equation can be seen as the transformation of the  equation into the ω
framework. Comparing to Eqn. 4.35, it is clear that when turbulence is homogeneous so
that the diffusion term can be neglected, the  equation is equivalent to the ω equation with a
different set of coefficients. The main difference between  and ω equations is in the diffusion
term which is given as [6, 70]:
Diffusion term = ∂
∂xk
[(
µ¯+
µt
σ
)
∂ω
∂xk
]
+ 2
µt
σ
1
ω
∂k˜
∂xk
∂ω
∂xk
. (4.38)
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The first term on the right hand side is the usual diffusion term. The second term is
commonly referred to as the “cross-diffusion” term because it is proportional to the product of
the gradient of k˜ and the gradient of ω. The most important effect of the cross-diffusion term
is its influence on the predictive capability of turbulence model in the case of flow separation.
It was found that the k − ω model is superior to the k −  model in predicting separation
because of this term [43]. In presence of a positive pressure gradient, this term is a sink
term in the vicinity of the wall since the gradient of k˜ is positive while the gradient of ω is
negative. Therefore, the dissipation is reduced and turbulence is enhanced in this region. This
causes more momentum being transferred towards the wall and the size of the flow separation
predicted by the k−  model is normally too small. The k−ω model, on the other hand, does
not possess this sink term and is able to provide a better prediction. An example is shown
in Fig. 4.4 in which a separating flow behind a backward-facing step is considered. In fact,
comprehensive testing showed that the k − ω model out-performed the k −  model in many
cases [12].
Figure 4.4 Computed and measured skin friction for flow past a backward-facing step; solid lines,
k − ω model; dashed lines, k −  model; symbols, experimental data. Reproduced from
Wilcox [109].
Unfortunately, the ω equation has its own weakness. The k−ω model was found to be very
sensitive to the prescribed free-stream value of ω and thus, the predictions of free-shear flows
are completely dependent on this value [69, 109]. Fig. 4.5 illustrates the influence of free-
stream turbulent viscosity on skin friction predictions by the k− and k−ω models. The k−
model is better than the k−ω model in this regard. This behavior can be explained by looking
at how the information propagates between a turbulent region and a non-turbulent region (e.g.
the edge of a turbulent boundary layer). Cazalbou et al [18] studied this phenomenon and
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concluded that information can only propagate from the turbulent region towards the non-
turbulent region with zero slope profiles if the following conditions are met (see more details
in Ref. [6]):
2σk − σ > 0, (4.39)
σk < 2, (4.40)
2σk − σ 6 1, (4.41)
σ > σk. (4.42)
Here, σk and σ are the diffusion coefficients in the framework of a k- model. In the
standard k −  model, σk is set to 1.0 and σ is set to 1.3 [6] and the above conditions are all
satisfied. In the standard k−ω model, however, the equivalent σk and σ are both 2.0 and the
inequalities in Eqn. 4.40 and Eqn. 4.41 are not true. Therefore, the information can propagate
from the non-turbulent region to the turbulent region in the k−ω model and causes the model
to become sensitive to the free-stream value of ω.
Figure 4.5 Influence of free-stream turbulent viscosity on skin friction predictions; left, k −  model
by Chien [20]; right, k − ω model by Wilcox [108]. Reproduced from Aupoix [6].
In order to take advantage of both  and ω equations, Menter proposed to combine these
two equations in such a way that the ω equation is activated in the near wall region and the
 equation is used elsewhere [70]. Thus, his model behaves like a k-ω model in flow under
adverse pressure gradient while still being insensitive to the free-stream value of ω. It is this
length scale equation that is used in both the SST and the SSG/LRR-ω models.
A similar approach was recently proposed by Wilcox [110] in which a cross-diffusion
term is introduced into the ω equation. However, the coefficients were not blended but were
optimized in order to obtain good agreement over a wide range of test cases and the effects
of free-stream value of ω is minimized. This formulation will be proposed as an alternative
option for the Reynolds stress model in the next section.
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4.2.6 Shear stress limiter
Another key feature of the SST model is the use of the limiting function fµ in Eqn. 4.8 which
is explained here. First, considering a simple shear flow in which ∂u˜1/∂x2 is the main strain
rate (e.g., boundary layer under zero pressure gradient), the turbulent shear stress in the SST
model can be simplified from Eqn. 4.7 as:
ρ¯R˜12 = −µt∂u˜1
∂x2
= −Cµfµρ¯ k˜
2

∂u˜1
∂x2
. (4.43)
Multiplying both sides by -R˜12, taking the square root and rearranging the results, the ratio
between the turbulent shear stress and the turbulence kinetic energy can be found:
−R˜12
k
=
√
Cµfµ
P k

. (4.44)
If fµ is equal to one, Eqn. 4.44 indicates that the above ratio is proportional to the ratio
of turbulence production and dissipation in the eddy viscosity model. It was found that this
characteristic is unfavorable because in many cases it can lead to an unrealistically large
turbulent shear stress [6, 110]. This is because when the production exceeds dissipation, the
turbulent shear stress is increased significantly and causes the production term to rise even
more. This in turn enhances the shear stress and the whole process quickly results in a large
value of turbulent shear stress.
If fµ is now taken in the form of Eqn. 4.8, since 2Ω˜ijΩ˜ij '
(
∂u˜1
∂x2
)2
in this simple shear
flow, Eqn. 4.8 is equivalent to a shear stress limiter:
ρ¯R˜12 = −fµρ¯ k˜
ω
∂u˜1
∂x2
= min
(
− ρ¯k˜
ω
∂u˜1
∂x2
,−0.31
F2
ρ¯k˜
)
. (4.45)
Thus, the turbulent shear stress is limited as a fraction of the turbulence kinetic energy. This
limiter was proven to improve the prediction of flows under adverse pressure gradient and
separated flows significantly [110] and is one of the reasons why the SST model is considered
as one of the most accurate turbulence models in the RANS community [7].
4.2.7 Reynolds stress transport modeling vs. Eddy viscosity modeling
Some of the major drawbacks of eddy viscosity models such as the SST model were
mentioned in the previous section. These include the inability to take into account the effects
of streamline curvature and flow rotation (section 4.2.1) and the tendency to overestimate the
turbulent shear stress when production exceeds dissipation (section 4.2.6). These drawbacks
can all be attributed to the Boussinesq hypothesis in Eqn. 4.7 in which the Reynolds stress
is assumed to be parallel to the mean strain rate. Furthermore, the Boussinesq relation was
derived as a way to predict the turbulent shear stress in simple shear flow and is not able to
capture the anisotropy of the Reynolds stress tensor correctly. This will be illustrated here by
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looking at a simple shear flow in which ∂u˜1/∂x2 is the only strain rate (e.g. boundary layer
flow or channel flow, see Fig. 3.2). For this flow, the Boussinesq hypothesis yields:
ρ¯R˜11 = ρ¯R˜22 = ρ¯R˜33 =
2
3
ρ¯k˜,
ρ¯R˜12 = ρ¯R˜21 = −µt∂u˜1
∂x2
,
ρ¯R˜23 = ρ¯R˜32 = ρ¯R˜13 = ρ¯R˜31 = 0.
(4.46)
It can be seen that if µt is predicted correctly, prediction of R˜12 will be correct. However,
the diagonal components of the Reynolds stress tensor are identical and turbulence is
isotropic. This is not true in boundary layer flow because measurements and DNS indicate
that in fact, R˜11 ≈ k˜, R˜22 ≈ 0.4k˜ and R˜33 ≈ 0.6k˜ [6] (see Fig. 4.6). Failing to represent the
Reynolds stress anisotropy correctly leads to unfavorable consequences such as inaccurate
production of vorticity generation by turbulence [6]. Other drawbacks of the eddy viscosity
models are that they cannot fully account for history effects, do not guarantee realizability
and cause unphysical Reynolds stresses in some cases. These are discussed at length in
Refs. [6, 38].
Figure 4.6 Turbulence intensities in turbulent boundary layer. Upper curve, urms/uτ ; lower curve,
vrms/uτ ; middle curve, wrms/uτ . Lines, DNS data at different Reynolds numbers;
symbols, experimental data. Reproduced from Spalart [96].
Reynolds stress transport modeling is a promising approach to overcome the lack of
accuracy and generality of the eddy viscosity models. In a Reynolds stress model, transport
equations are solved for all the components of the Reynolds stress tensor and the Boussinesq
relation is not needed. Therefore, there is no local relation between the Reynolds stress and
the mean flow and turbulence memory is better captured. Moreover, since the production term
does not require any modeling, the effect of extra strain rates, streamline curvature and flow
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rotation are naturally included. While these advantages are greatly appreciated, a Reynolds
stress model still requires a good model for the redistribution term and a good length scale
equation in order to offer a better predictive capability. Furthermore, it should be noted that
using a Reynolds stress model requires significantly more computational resources because
more transport equations are solved. A Reynolds stress model also introduces numerical
instabilities into the computational process which will be discussed in chapter 5.
4.3 Proposed modifications for the baseline models
Several modifications for the turbulence models are considered in this work. They were
proposed in order to improve the prediction accuracy of the simulations of compressible
flows and relaminarizing flows. Their formulations are given below and their applications are
discussed in chapter 6 and chapter 7. This work and the results are also published in Nguyen
et al. [75, 77].
4.3.1 Compressibility corrections
As seen in the previous chapter, compressibility effects require the modeling of several
additional terms, e.g., the pressure dilatation
(
p′
∂u′′j
∂xj
)
, the turbulent mass flux u′′j and the
dilatational dissipation d. The effects of these terms in relaminarizing flows are not expected
to be important. This is due to two reasons. First, as evidenced from experimental data,
turbulence is damped in relaminarization and the correlations of fluctuating quantities are
reduced significantly. Second, as will be shown later, the presence of a wall damps the normal
component of the Reynolds stress tensor and the turbulent motion [6], thus, compressibility
effects are much less important in wall-bounded flows than in free-shear flows. This was
demonstrated in various DNS studies [4] and is illustrated in Fig. 4.7.
Figure 4.7 Ratio of the dilatational dissipation to the solenoidal dissipation in direct numerical
simulation of channel flow. Reproduced from Huang et al. [44].
However, compressibility effects are still important for the computations of scramjet inlets
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because this type of flow involves strong interactions in which turbulence may be significantly
amplified. Two compressibility corrections for the dilatational dissipation (see Eqn. 3.47),
proposed by Zeman and Wilcox [85], are considered in this thesis for the SST model. These
corrections were developed for boundary layer flows and require changes in the coefficients
of the dissipation terms in the transport equations for k˜ and ω as follows:
βk,c = βk [1 + ζ
∗F (MT )] , (4.47)
βω,c = βω − βkζ∗F (MT ) , (4.48)
where MT =
(√
2k˜
)
/a is the turbulence Mach number and a is the local speed of sound. In
the Zeman version, F (MT ) is:
F (MT ) =
[
1− exp
(
−
(
MT −MT0
Λ
)2)]
H (MT −MT0) , (4.49)
where H is the Heaviside function, ζ∗ = 0.75, MT0 = 0.2 and Λ = 0.66 are the model
coefficients.
In the Wilcox correction, F (MT ) is:
F (MT ) =
(
M2T −M2T0
)
H (MT −MT0) , (4.50)
where ζ∗ = 2 and MT0 = 0.25.
4.3.2 Yap correction
An interesting modification for the length scale equation was proposed by Yap [111] in which
an additional source term is added into the right hand side of the  equation (Eqn. 4.34):
ρ¯S = 0.83ρ¯
2
k˜
(
k˜1.5
le
− 1
)(
k˜1.5
le
)2
(4.51)
where le = C−0.75µ κd and κ = 0.4 is the von Karman constant and d is the distance to the
nearest wall. This source term enhances the dissipation when the turbulence kinetic energy
is too large and yields improved predictions in separated flow and stagnation regions [111].
Furthermore, Hanjalic [39] showed that this modification helped to correct an unphysical
behavior around the reattachment region of separated flow predicted by the Reynolds stress
model. This term can also be used in the ω equation by applying the transformation shown in
Eqn. 4.36:
ρ¯Sω = CY ρ¯ω
2
(
k˜1.5
le
− 1
)(
k˜1.5
le
)2
(4.52)
where CY is a model coefficient. Within the scope of this thesis, Yap correction in the form
of Eqn. 4.52 was applied to the SSG/LRR-ω model in section 6.1.5.7 with CY = 0.83.
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4.3.3 An alternative ω equation
As mentioned previously, a revised version of the standard ω equation, where a cross-
diffusion term is added, was recently proposed by Wilcox [110]. This model is interesting
because the coefficients were optimized for a wide range of flows, from subsonic regime to
supersonic one. This ω equation is coupled to the SSG/LRR-ω model as an alternative option
for the length scale equation in this work. The formulation is the same as in Eqn. 4.4. The
coefficients are not blended and take the following values:
Table 4.4 Closure coefficients for the ω-equation according to Wilcox [110].
αω βω σω σd
Wilcox 0.52 0.0708 0.5 0.125
The round-jet correction is not considered here since this is not a flow of interest within the
scope of this thesis. It should be noted that αω in this model as well as in Menter’s ω equation
is computed from the following relationship:
αω =
βω
Cµ
− σωκ
2√
Cµ
, (4.53)
in which κ is the von Karman constant. This relationship was derived from the log law of the
wall and is used in turbulence modeling to fix the slope of the log line through κ and to define
the balance in the logarithmic region.
4.3.4 Near wall behavior
The model coefficients of the SST model and the SSG/LRR-ω model were derived mostly
based on the data of relatively high Reynolds number flows where the viscous effects are
much less important than the effects of turbulence. In the low Reynolds number limit, these
data may not be applicable. For example, Hanjalic pointed out that the rate of turbulence
decay is different at low Reynolds number [38]. This is also true in the region near to a
solid wall where viscous effects cannot be neglected. The behavior of turbulence near a solid
surface will be examined in this section. Considering incompressible flow for simplicity, the
velocity fluctuations in the near wall region can be expanded using Taylor series expansion
in y as follows:
u′(x, y, z, t) = buy+cuy
2 + duy
3 + ...,
v′(x, y, z, t) = cvy
2 + dvy
3 + ...,
w′(x, y, z, t) = bwy+cwy
2 + dwy
3 + ...
(4.54)
The zeroth order terms in Eqn. 4.54 are null because of the no-slip condition. The first order
term in the v′ equation also vanishes due to the continuity equation (Eqn. 3.14). Therefore, the
wall normal velocity fluctuation is suppressed faster in the presence of the wall and turbulence
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tends toward a two component limit. It can also be seen that u′u′ and w′w′ evolve like y2 in
the near wall region while v′v′ evolves like y4 and is negligible. The turbulence kinetic energy
is contributed mainly by u′u′ and w′w′ and thus, also proportional to y2. Similarly, the off-
diagonal component u′w′ behaves like y2 while the other two components u′v′ and v′w′, in
which the normal velocity fluctuation is included, behaves like y3.  is proportional to the
viscosity and the gradient of velocity fluctuation (see Eqn. 3.41) and is thus finite at the wall.
On the other hand, ω is inversely proportional to y2 (see Eqn. 4.2) and tends to infinity at the
wall. A model that can reproduce the exact limiting forms of k,  and u′iu′j is referred to as
asymptotically consistent with the behavior of the NS equations in the near wall region. The
limiting forms are summarized below:
u′u′ ∼ y2, v′v′ ∼ y4, w′w′ ∼ y2,
u′v′ ∼ y3, u′w′ ∼ y2, v′w′ ∼ y2,
k ∼ y2, /µ ∼ constant, ω ∼ 1/y2.
(4.55)
Wilcox used perturbation analysis to show that k evolves like y3.23 and y1.39 near the wall
in the standard k − ω and k −  models, respectively [109]. Therefore, viscous corrections
are required to make popular turbulence models asymptotically consistent. This feature is
common in the standard k−  model [6] because the model does not provide good prediction
without using either wall function or viscous corrections. The k − ω model, in contrast, can
be integrated through the viscous sublayer and gives good prediction without any changes to
the original modeled form. This can be partially explained by the fact that k in the k − ω
model evolves like u′v′ (y3.23 and y3) and thus, the turbulent shear stress can be predicted
well [6]. It is then uncommon to use viscous corrections in a k − ω model framework even
though some works can be found in the literature [80, 109].
Near wall analysis can be extended to study the behavior of every term in the Reynolds
stress model. The results were summarized in Lai and So [59] and Aupoix [6]. Lai and So
also outlined a strategy to incorporate the near wall behavior into a Reynolds stress model.
This will be discussed in more detail in the next subsection below.
4.3.5 Near wall corrections based on asymptotic analysis
Even though the ω equation does not require near wall correction in simple shear flow where
only ∂u˜1
∂x2
is significant, this cannot be applied in a more complicated situation. For example,
in a compressible relaminarizing flow across an expansion corner, the effect of dilatation
is strong (see section 3.6) and ∂u˜i
∂xi
, where i = 1, 2, 3, cannot be neglected. These velocity
gradients are coupled with the Reynolds stress components in the production term (see
Eqn. 3.29) and can play a dominant role in the whole process. Therefore, correct prediction
of the diagonal components of the Reynolds stress tensor in the near wall region becomes
important. A near wall version of the SSG/LRR-ω model was developed in this thesis and is
described in this section.
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The near wall solution of k in a standard k − ω model indicates that k/yn is constant as y
tends to zero [109] in which n is given by:
n =
1
2
[
1 +
√
1 + 24
Cµ
βω
]
. (4.56)
In order to achieve asymptotic consistency where n = 2, Cµ/βω must tend to 1/3 as y tends
to 0. Wilcox suggested that βω should be kept unchanged which means Cµ should approach
βω/3 near the wall. This can be taken into account by using a blending function similar to
that in the SST model:
Cµ,new = fw
βω
3
+ (1− fw)Cµ, (4.57)
fw = min
(
exp
[
−
(
Ret
12
)2]
, F1
)
, (4.58)
where Ret = ρkωµ is the turbulent Reynolds number. Here, fw is designed to be unity in the
near wall region and null far from the wall. While the near wall behavior is governed by
both the low Reynolds number effect and the wall blocking effect [6], only the former is
considered in this formulation. The addition of F1 in Eqn. 4.58 is a safeguard to make sure
that fw is zero in the free-stream flow where the turbulence kinetic energy and the turbulent
Reynolds number may become null.
The above modification will make sure that k is asymptotically consistent when approach-
ing the wall. However, in order to achieve the same condition for all Reynolds stress
components, more changes have to be considered. Lai and So [59] performed a careful
analysis of the near wall behavior of all terms in Eqn. 3.28 and concluded that both the
dissipation term and the slow pressure-strain correlation term require modifications to be
asymptotically consistent.
Asymptotically consistent models for ij were proposed by several authors mentioned in
Lai and So [59]. However, these models normally require the wall normal vector which is
difficult to define in a complex geometry. A simpler model mentioned in section 4.2.2 is used
here in which the dissipation component is given as:
ij = fsu˜
′′
i u
′′
j

k˜
+ (1− fs) 2
3
δij , (4.59)
where fs = 1−
√
A. A = 1−9/8 (4II − 8III) is the flatness parameter and III = b˜ikb˜kj b˜ki
is the third invariant of the Reynolds stress tensor. A is zero in the two component limit (e.g.
the near wall region) and is unity when turbulence is isotropic. It should be noted that this
formulation does not provide correct asymptotic behavior of the 22, 12 and 23 components.
However, this fact causes only a slight imbalance and a marginal effect on the governing
equations [45]. It can also be seen that in the near wall region, the dissipation component is
anisotropic and proportional to the Reynolds stress component while the isotropic model is
recovered in the far-field.
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Since both the fluctuating pressure and the velocity fluctuations vanish at the wall (see
Eqn. 3.30), the redistribution term should go to zero at the wall like yn with n > 0. Therefore,
the behavior of the slow part (C1 and C2 terms) in the redistribution term of the SSG/LRR-ω
model need to be corrected. This is because those terms are computed from  which is finite at
the wall. In order to mimic the near wall behavior of turbulence, at least to the lowest order,
these terms must be null at the wall. Since C2 is already zero in the original SSG/LRR-ω
formulation, only C1 needs to be modified as follows:
C1,new = (1− fw)C1. (4.60)
Further numerical experimentations indicated that C4 should also be modified to obtain a
better prediction of R˜33 in the near wall region:
C4,new = fwC4,nw + (1− fw)C4, (4.61)
where C4,nw = 1.7. In Eqn. 4.60 and Eqn. 4.61, C1 and C4 are computed from Eqn. 4.16.
Here, the redistribution term can be seen as having three layers: an asymptotically consistent
model in the vicinity of the wall, the LRR model in the middle part of the boundary layer and
the SSG model elsewhere.
The diffusion terms in Eqn. 4.15 and Eqn. 4.4 deserve some attention. In the original
formulation, σLRRω is chosen as 0.5 which is a good value to provide the balance in the
logarithmic region (see Eqn. 4.53). However, direct numerical simulations (DNS) of channel
flow [17] indicate that σ varies between 1.6 in the near wall region and 0.8 at the edge of
the boundary layer layer (see Fig. 4.8). This means that average value of σω is about 0.83
(equivalent to σ = 1.2) which is significantly larger than 0.5. It was found in this work that
with the near wall modification of Cµ in Eqn. 4.57, in order to get the correct balance of the
logarithmic region in Eqn. 4.53, σLRRω should now be 0.86. Thus, it can be concluded that by
forcing asymptotic consistency near the wall, we have achieved better agreement with DNS
data. Similarly, D(GGD) in the near wall region is set to 1.875 instead of 0.5. This new value
is in better agreement with DNS data in which D(GGD) is in between 1.25 and 2.5 [6].
Finally, CLRR and βLRRω are set to 0.52 and 0.0708 instead of the values used in the original
SSG/LRR-ω model (see Table 4.2 and Table 4.3). WhileCLRR is reverted to the original value
proposed in the LRR model [84], the new value of βLRRω is used by Wilcox in his revised ω
equation (see previous section). These coefficients are summarized in Table 4.5.
Table 4.5 Closure coefficients used in the near wall model.
βω σω σd CLRR
LRR 0.0708 0.86 1.875 0.52
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Figure 4.8 σ in Eqn. 4.34 computed from direct numerical simulation of channel flow. Reproduced
from Cazalbou [17].
4.3.6 Non-equilibrium modifications
Another known drawback of the SSG redistribution model is that they do not agree with
rapid distortion theory (RDT) in flows that are far from equilibrium. It is thus desired to have
a model that is identical to the current model in equilibrium flow and is consistent with RDT
in the non-equilibrium limit. Speziale proposed a non-equilibrium version of the SSG model
in order to achieve this goal by a regularization based on Padé approximation [97]. The model
was shown to provide good prediction of homogeneous shear flow and plane strain turbulence
in the RDT limit while maintaining agreement for equilibrium turbulent flows. This model is
adopted for the SSG part and the coefficients are modified as functions of strain and vorticity
rates [97] as follows:
C∗1,mod =
1.8 + 0.225η6
1 + 0.0625η6 + 0.5ζ8
; C∗3,mod =
1.3 + 8.84η8
1 + 9.02η8
, (4.62)
C4,mod =
1.25 + 6.33η6
1 + 1.52η6 + 0.1ζ7
; C5,mod =
0.4 + 0.114η6
1 + 0.285η6 + 0.5ζ8
, (4.63)
where
η =
1
2
α3
α1
k˜

(
S˜ijS˜ij
)1/2
; ζ =
α2
α1
k˜

(
Ω˜ijΩ˜ij
)1/2
, (4.64)
α1 =
(
4
3
− C2
)
g; α2 =
1
2
(
4
3
− C2
)
(2− C4) g2, (4.65)
α3 =
(
4
3
− C2
)
(2− C3) g2; g =
(
1
2
C1 +
P k

− 1
)
. (4.66)
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It can be seen that these new coefficients are identical to the original ones when η and ζ
approach zero. The constants C1 − C4 in the SSG part are provided in Table 4.2. P k is the
production of turbulence kinetic energy and is defined in Eqn. 4.17.
4.3.7 Summary of turbulence models used
The baseline turbulence models and their modified version are summarized in Table 4.6. Each
model is assigned an abbreviation to be used in later chapters. Compressibility corrections
and Yap correction are optional for all models.
Table 4.6 Summary of turbulence models used in this thesis.
Abbreviation Description Reference
SST Shear stress transport model from Menter [70] Section 4.1.1
RSM-Menter Original SSG/LRR-ω model from Eisfeld [27]
with Menter’s ω equation Section 4.1.2
RSM-Wilcox Modified SSG/LRR-ω model
with the latest Wilcox’s ω equation [110] Section 4.3.3
RSM NW Modified SSG/LRR-ω model with near wall correction
and non-equilibrium modification Section 4.3.5, 4.3.6
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With the help of turbulence modeling, the system of equations in Chapter 3 is closed and
can be solved for a practical problem where the initial and boundary conditions are well-
defined. Since it is impossible to find an analytical solution of the NS equations, except
in very simple cases [88], the problem is solved using an approximate numerical method.
In this approach, the computational space is discretized into small volumes upon which the
discretized equations are applied to determine the solution iteratively. The details of the
numerical scheme used in this thesis are described in this chapter.
5.1 Flow solver QUADFLOW
The computations are performed using QUADFLOW, an in-house cell-centered finite volume
flow solver [15]. QUADFLOW solves the coupled system of conservation equations of
mass, momentum, total energy and turbulent quantities in their time-dependent, integral
formulation:
∫
Ω
∂ ~W
∂t
dV +
∮
∂Ω
(
F¯c − F¯v
)
· ~ndS −
∫
Ω
~QdV = 0, (5.1)
in which ∂ ~W/∂t represents the time-derivative of the vector of the conservative variables,
F¯c and F¯v are the tensors of convective and viscous fluxes, respectively, and ~Q is the vector
containing the source terms. Ω is a control volume with boundary ∂Ω and volume V . ~n is an
outward pointing unit normal vector on the surface dS ⊂ ∂Ω.
The basic idea of finite volume method is that, at every time step, the surface integral is
evaluated as the sum of the fluxes across the faces of each cell. For steady-state solutions,
the results are integrated in time until a converged solution is achieved. The accuracy of the
numerical scheme is then dependent on how well the fluxes are computed.
In QUADFLOW, the viscous fluxes are evaluated using a central scheme, i.e. the value of
the flux at a given face is simply the arithmetic average of the variable on both sides of the
face. For the convective fluxes, however, this cannot be applied directly because of instability
in convection-dominated problem and overshoots at discontinuities. Therefore, either central
scheme with artificial dissipation or upwind scheme is required for the convective fluxes.
Central scheme with artificial dissipation is in general computationally cheaper but it is also
less accurate in resolving discontinuities (e.g. shock wave) and boundary layers. In contrast,
upwind schemes demand higher computational effort but provide more accurate resolution
of boundary layers and lower sensitivity to grid distortions [9]. This is because they account
for the direction of transport of information within the solution domain by considering the
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physical properties of the Euler equation [14]. Thus, upwind scheme is the common choice in
solving high-speed flows. There are a number of upwind schemes available in QUADFLOW
but it was found that the AUSMDV upwind method from Wada and Liou [105] is the most
suitable scheme for the computations considered within this thesis [56].
The upwind scheme requires the flow information on the left and the right side of the
control volume face. If one assumes that the flow solution is constant within the control
volume and the flow variables are simply those computed for the left and right control volume,
the numerical scheme is only first order accurate in space and is too diffusive for viscous
flows [9]. In order to achieve second order accuracy in space, the flow solution is normally
assumed to vary in a linear way within a control volume. The determination of the flow
gradients is then needed in a linear reconstruction and also for the evaluation of the viscous
fluxes. There are two common approaches to compute the flow gradients: the first is based
on least-square method and the second employs the Green-Gauss theorem. Green-Gauss
reconstruction is used in most of the computations in this thesis. For certain 3D cases with
complex geometry, however, least-square reconstruction was found to be more suitable. More
detail about the reconstruction methods can be found in Bramkamp [14].
Second order upwind spatial discretization may introduce spurious oscillations in regions
of large gradients (e.g., in the vicinity of shock wave) and a limiter is normally needed in order
to enforce monotonicity. This means that local minima in the flow field are not decreasing,
local maxima are not increasing and there are no new local extrema created during the time
evolution. The limiter function is designed in such a way that first order upwind scheme is
used in the regions of large gradients, because this guarantees monotonicity, while the second
order scheme is activated in smooth flow regions. Venkatakrishnan’s limiter [101] is used in
this work.
After evaluating the surface integral of the convective and viscous fluxes and the volume
integral of the source terms in Eqn. 5.1, the conservative variables are then integrated in time.
There are two techniques for time integration, namely, the explicit method and the implicit
method [9]. In the explicit time integration method, the required computational effort is lower
but the time step is restricted by the CFL number. This method is then particularly suitable for
transient or unsteady flows in which the physical time scales are comparable or even smaller
than the allowable time step. On the other hand, time step is not limited with implicit method
and the time evolution can be adjusted according to the physics of the flow. In steady flows,
the time acts simply as a variable for iteration and implicit time integration usually provides
faster convergence since a large CFL number can be used. Both explicit and implicit time
integration methods are employed in this thesis.
A special feature in QUADFLOW is the ability to perform h-adaptive simulations in
which the important physical phenomena are automatically resolved by the applied multi-
scale based on a few prescribed parameters. Adaptive grid concept is especially interesting
in high-speed flows where it is desirable to obtain a locally dense grid resolution around a
shock wave or expansion wave while a relatively coarser grid is still retained elsewhere. This
will potentially lead to a high quality simulation with reduced computational demands. Grid
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adaptation is done in QUADFLOW by employing parametric mappings of meshes from the
computational domain to the physical domain using B-spline techniques. The adaptation
criteria are based on multiresolution techniques [15]. The flowchart of QUADFLOW
program system is illustrated in Fig. 5.1. The computation consists of a repeated cycle of
grid generation, flow solution and adaptation.
5.2 Boundary conditions
The numerical treatment of boundary conditions is discussed in this section with the focus on
the conditions that are relevant to the computations performed in the subsequent chapters.
5.2.1 Far-field conditions
In subsonic flows, standard characteristic boundary conditions are applied at the far-field
in which the incoming Riemann invariants are set by the free-stream conditions and the
outgoing Riemann invariants are determined by quantities being extrapolated from the
interior domain [15]. In supersonic flows, a simpler approach is used since no information
is propagated upstream. At supersonic inflow boundaries, the values are prescribed using
the experimental data or inflow conditions. At supersonic outflow boundaries, the variables
are extrapolated from the interior assuming zero-gradient. Symmetry boundary condition is
also frequently used in which the normal component of the flow variables are set to zero.
Regarding the turbulence variables, the initial and far-field values are computed assuming
that turbulence is isotropic:
k˜∞ =
3
2
(I∞M∞c∞)
2 , (5.2)
R˜ij(i = j) =
2
3
k˜∞; R˜ij(i 6= j) = 0, (5.3)
ω˜∞ =
ρ∞k˜∞Re∞
µt∞
=
ρ∞k˜∞Re∞
µ∞
µ∞
µt∞
, (5.4)
where the subscript ∞ denotes a free-stream value, I is the turbulence intensity, M is the
Mach number, c is the speed of sound and Re is the unit Reynolds number. I∞, M∞, Re∞,
T∞ and µ∞µt∞ must be prescribed in the input file.
5.2.2 Inflow condition
For the test cases in chapter 6, it is desirable to prescribe a fully turbulent boundary layer at
the inflow boundary. This profile was obtained from a preliminary computation and the flow
variables are stored in a separate data file. During the initialization of the main computation,
these data are read into the flow solver and are interpolated so that the conservative variables
at every boundary face center can be set according to the given data.
67
5 Numerical Method
Data Output
!
!
Data Visualization
Restart Files
Data Input
!
!
!
Grid Pre-Processing
Grid Import
Solver Control
Flow Solution
Inviscid/Viscid
Steady/Unsteady
Flow Problem
!
!
Finite Volume Method
2nd Order in Time & Space
Convective Upwinding
Explicit/Implicit Time Integration
Discretization
!
!
!
! Iteration
R
e
s
id
u
a
l
!
!
!
Multiscale Analysis
Grid Adaptation
Solution Transfer
Adaptation
!
!
Grid Metric
Grid Connectivity
Grid Generation
Figure 5.1 Flowchart of the QUADFLOW program system. Reproduced from Bramkamp [14]
5.2.3 No-slip wall
At solid walls, the no-slip condition is enforced by setting the velocity components to zero.
Both strong and weak formulations of the no-slip condition are considered here. In the strong
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formulation, the velocity at the cell center nearest to the wall is set to zero while in the
weak formulation, the fluxes are manipulated in such a way that the velocity at the wall face
is null. Regarding the temperature, isothermal conditions are used in all computations in
which the wall temperature is maintained constant by modifying the energy equation during
the temporal evolution of the flow quantities. For the turbulence variables, the turbulence
kinetic energy and the Reynolds stresses are set to zero at the wall. The specific dissipation
rate ω is prescribed based on the first grid spacing according to the asymptotic analysis (see
section 4.3.4 and Menter [70]):
ωw = CM
6µw
ρwβω(4y1)2 , (5.5)
where CM is a constant and 4y1 is the distance from the cell center to the wall.
5.3 Grid generation
The adaptive concept requires a spatial discretization that is able to deal with a general
grid partition and allow the treatment of hanging nodes in a unified manner. Due to this
local nature of adaptation, fully unstructured grid seems to be the most suitable approach
for discretization. In addition, QUADFLOW can also deal with multiblock structured grids
which are transformed into unstructured data format internally. However, adaptation is not
possible on this type of grid and the grid must be appropriately refined prior to the execution
of the simulation. Structured grids and adaptive grids are both used for 2D simulations within
the scope of this work. 3D simulations were only done with structured grids.
The structured grids were generated using MegaCads, a multi-block elliptic structured
grid generator [16]. The grids can be created through graphical user interface or a simple
programming code. The geometry is defined manually or can be read in from certain types
of CAD file. The adaptive grids are made from Gnagg, a B-spline grid generator, using
either graphical user interface or C++ programming language and pre-defined functions [60].
Fig. 5.2 and Fig. 5.3 illustrate a structured grid and an adaptive grid for a centered expansion
corner. It can be seen that in the structured grid, the cells are approximately uniformly
distributed along the streamwise direction and stretched towards the wall to resolve the
boundary layer. A fine resolution is required everywhere in order to resolve any region with
large flow gradients. In contrast, the flow features are captured automatically in the adaptive
grid after 10 adaptations and the cells are clustered densely in the boundary layer and along
the expansion fan.
5.4 Numerical considerations of turbulence models
The coupling of turbulence models and the mean flow equations may influence the stability
of the system of equations. In case of eddy viscosity model, the Reynolds stress tensor is
incorporated into the momentum equation through a modified viscosity µ∗ = µ¯ + µt. Since
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Figure 5.2 Structured grid for a centered expansion corner.
Figure 5.3 B-spline grid for a centered expansion corner after 10 adaptations.
the eddy viscosity is an order of magnitude larger than the fluid viscosity, this enhances the
damping effect of the second derivatives of the velocities and stabilizes the computation [27].
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In contrast, when a Reynolds stress transport model is used, the Reynolds stress tensor
enters the momentum equation directly through a divergence term (see Eqn. 3.21) and thus,
the damping effect of eddy viscosity is missing. In addition, the first derivatives containing
the Reynolds stresses tend to destabilize the numerical solution. Lee and Chung [62]
examined the stability of the Reynolds stress equation for homogeneous turbulent shear
flow and found that the rapid part of the redistribution term is mostly responsible for the
convergence behavior of the system of equations. They also observed that the linear model
of the redistribution term (e.g. LRR model) is more stable than the quadratic or cubic model.
This problem with the numerical stiffness is one of the reasons why Reynolds stress models
have not yet gained a wider use in industrial applications [27].
In this work, it was found that, for the same computation with implicit time integration,
Reynolds stress model usually requires a smaller CFL number in comparison to the SST
model in order to achieve a stable simulation. In some cases, it is even necessary to run a
restart with explicit time integration to achieve a sufficiently small residual.
5.5 Modifications in the flow solver
Since QUADFLOW was originally coded for low-speed compressible flows, certain simplifi-
cations were made in the formulation. Two such simplifications were identified and studied in
this thesis. The first modification is the contribution of turbulence kinetic energy to the total
energy (see Eqn. 3.23) which was originally neglected because k˜ is typically several order of
magnitude smaller than e˜ in low-speed flows. However, this may not be true in supersonic
and hypersonic flows when k˜ can be amplified greatly across a shock wave boundary layer
interaction [93]. In order to take this effect into account properly, the formulations of total
energy and total enthalpy in QUADFLOW are modified to include the turbulence kinetic
energy. Furthermore, the pressure must be computed as follows:
P¯ = (γ − 1)ρ¯e˜ = (γ − 1)ρ¯
(
E˜ − U˜kU˜k/2− k˜
)
. (5.6)
The second modification in the flow solver is the modeling of the turbulent diffusion term
ρ¯D(k) in the energy equation (Eqn 3.22). This term can be modeled using the simple gradient
diffusion hypothesis (Eqn 4.27) for the eddy viscosity models and the generalized gradient
diffusion hypothesis (Eqn 4.28) for the Reynolds stress model with σk = 2. The importance
of both modifications is studied in chapter 7. The work on this is also published in Nguyen et
al. [77].
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In this chapter, the ability of RANS turbulence models to predict relaminarization is
investigated. This chapter is divided into two parts. In the first part, the turbulence models are
validated with the experimental data. Since the accuracy of the measurements is limited near
the wall, the focus is on the prediction of the outer layer. Numerical analysis is performed to
improve the understanding of relaminarization. In the second part, high resolution LES data
is used to test the near wall predictive capability of the turbulence models.
6.1 Prediction of relaminarization based on experimental
measurements
6.1.1 Test cases
Four experimental test cases are considered in this section including two cases of simple
expansion corners and two cases of successive distortions so that prediction of relaminar-
ization with different inflow conditions can be assessed. Furthermore, these test cases were
performed at different Mach numbers and deflection angles, thus, the applicability of the
turbulence models over a certain range of flow conditions can be evaluated. In the cases of
successive distortions, the effects of streamline curvature are also studied. The work in this
section is also published in Nguyen et al. [74, 78].
The first two test cases feature compressible turbulent boundary layers across center
expansion corners from Dussauge and Gaviglio [25] and Smith and Smits [91]. They are
abbreviated as “DG test case” and “SS test case” within this context. The free-stream Mach
numbers are 1.76 and 2.89 and the expansion angles are 12◦ and 20◦, respectively. The
geometry and flow features of DG test case are illustrated in Fig. 6.1.
In the third test case, the flow was first distorted by a sharp compression corner before
passing through a sharp expansion corner (Smith and Smits [92]). Both the compression and
expansion angles are 20◦, thus, there is no net change in flow direction. The fourth test case
(Smith and Smits [92]) is similar to the third one, except that the sharp corners are replaced
by curved surfaces in order to assess the effect of streamline curvature. Here, these successive
distortion test cases are referred to as “Ramp A” and “Ramp B”, respectively. A schematic
sketch of Ramp A and B is shown in Fig. 6.2.
In all cases, the boundary layer upstream of the interaction is fully turbulent. Some
properties of the inflow boundary layers are given in Table 6.1. The inflow conditions of
Ramp A and Ramp B are similar to those of SS test case. M∞ denotes the free-stream Mach
number, δ0 the upstream boundary layer thickness, Re/m the unit Reynolds number, Tw the
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Figure 6.1 Sketch of a supersonic flow over an expansion corner. Reproduced from Dussauge and
Gaviglio [25].
(a) Ramp A (b) Ramp B
Figure 6.2 Schematic of the models used in the experiments. Reproduced from Smith [90].
wall temperature and P0 the stagnation pressure. These values are used as the boundary
conditions in the computations and as the reference values in the analysis of the results.
Table 6.1 Properties of the inflow boundary layers and relaminarization conditions.
Case M∞ [-] δ0 [mm] Re/m [1/m] Tw [K] P0 [N/m2] ∆P/τ0 α [◦]
DG 1.76 9 5.4x106 286.0 40530 100 12
SS 2.89 26 6.3x107 280.8 690000 150 / 200 20
Ramp A and B 2.89 26 6.3x107 280.8 690000 150 / 200 20
Regarding the relaminarization criterion (see section 2.1.4), ∆P/τ 0 in DG and SS test cases
are approximately 100 and 150, respectively which are well above the limit of 70. For Ramp
A and B, since the pressure rises more dramatically than the increase in wall shear stress
across the compression corner, ∆P/τ 0 at the expansion corner is approximately 200 which
indicates a very strong expansion.
Regarding experimental techniques and uncertainties, mean flow profiles were deduced
from the surveys of total pressure, static pressure and total temperature. These quantities
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were measured using Pitot, static pressure and hot wire probes (in SS test case, total
temperature was estimated based on previous experiments). Wall pressure and temperature
were measured by pressure tapings and thermocouples (in SS test case, wall temperature was
again estimated). The streamwise velocity fluctuations were measured by normal hot wire.
More information on the experiments and the experimental techniques can be found in the
original articles [25, 92]. The estimated uncertainties of the mean flow and the turbulent
quantities are listed in Table 6.2 based on Fernholz et al. [28] and Smith [90].
Table 6.2 Estimated accuracy of the measured quantities in the experiments.
Case U [m/s] T [K] Pw [Pa] Cf [-]
√
u′2/U [-]
√
v′2/U [-] -u′v′ /U2 [-]
DG test case ± 2% ± 2% ± 2% ± 10% +3% to +17% N/A N/A
SS test case ± 5% ± 5% ± 2% ± 10% -25% to -7% N/A N/A
Ramp A & B ± 5% ± 5% ± 2% ± 10% -25% to -7% -15% to +7% -14% to +24%
6.1.2 Grid generation and computation
Figure 6.3 Grid topology of (a) Ramp A and (b) Ramp B. Every fourth grid line in each direction is
shown.
The grids were generated using both the multi-block structured and adaptive grid gener-
ators (see section 5.3). The grid topology of the expansion corners was shown in Fig. 5.2
and Fig. 5.3. For the successive distortions, the grid topology at the compression and
expansion corners are illustrated in Fig. 6.3. The grid points in the wall normal direction
are appropriately scaled in order to achieve y+ smaller than 1 close to the wall. The grid
points in the wall parallel directions are uniformly distributed except at the sharp expansion
corner where they are clustered densely to resolve the emanation of the expansion fan. The
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transverse grid lines were created in such a way that they are almost always perpendicular to
the wall surface.
Numerical simulations of the test cases were carried out in QUADFLOW using the
turbulence models mentioned in section 4.3.7. Regarding the boundary conditions, one of
the requirements in simulating the experiments above is to obtain a fully turbulent boundary
layer upstream of the interaction region. In the experiments, no information on the initially
laminar boundary layer and the transition process is available. In order to generate the correct
inflow profiles, a preliminary computation of flow on a flat plate without streamwise pressure
gradient was performed and the boundary layer was allowed to grow until the measured
inflow velocity profile is achieved. The profiles at this location were then used to prescribe
the inflow conditions according to the procedure described in section 5.2.2.
The rest of the boundary conditions are supersonic inflow, supersonic outflow and solid
wall (see section 5.2 for more details). Since the variation of wall temperature in the
experiments was less than 5%, isothermal condition is used at the wall in the computations.
6.1.3 Grid convergence study
Grid convergence study was done for all the test cases and all turbulence models separately to
make sure that the results are independent of the grid resolution. The studies for DG test case
and Ramp A with the SST model and the RSM-Menter, respectively are shown in Fig. 6.4.
For DG test case, the initial grid (coarse grid) consists of 272 grid points in the longitudinal
direction and 64 grid points in the transverse direction (272x64). The number of grid points
are doubled concurrently in both directions in the medium grid (544x128) and the fine grid
(1088x256). Fig. 6.4(a) illustrates that the skin friction is insensitive to the choice of grid,
thus, grid independence is achieved.
For Ramp A, the initial grid (grid 1) consists of approximately 250000 cells in total and
the number of grid points is doubled either in the streamwise direction (grid 2) or in the wall
normal direction (grid 3) to check for grid dependency. Similar to the study for DG test case,
it can be concluded from Fig. 6.4(b) that the skin friction is independent of the grid resolution.
The y+ distribution of grid 1 is also shown in Fig. 6.4(c) to demonstrate that y+ is smaller
than 1 everywhere in the computational domain for all the computations.
6.1.4 Numerical results of expansion corner test cases
6.1.4.1 General flow features
The general flow features downstream of an expansion corner were described in detail in
section 2.1.4. The flow features in DG test case are illustrated in Fig. 6.5. It can be seen that
the flow is expanded through a centered expansion fan and the boundary layer thickness is
larger downstream of the corner.
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Figure 6.4 Grid convergence study of (a) DG test case, SST model and (b) Ramp A, RSM-Menter. (c)
y+ distribution along the streamwise direction, Ramp A, grid 1.
6.1.4.2 Wall pressure
Fig. 6.6 illustrates the wall pressure distributions along the streamwise direction in DG and
SS test cases. The predictions by different turbulence models show good agreement with
the experimental data. In the expansion region, a significant drop in pressure closely follows
that seen in the measurements. Further downstream, the effects of the expansion corner
lasts for about 5δ0 (DG test case) to 10δ0 (SS test case) through a decreasing favourable
pressure gradient. Within the computational domain of the SS test case, pressure predicted
by inviscid theory is not yet fully reached. This slow relaxation is due to the interaction of the
expansion fan with the velocity gradient in the boundary layer (viscous effect) and the length
of downstream influence can be scaled with the hypersonic similarity parameter as discussed
in section 2.1.4.
Upstream effect can be recognized in DG test case through a small favourable pressure
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Figure 6.5 The flow features in DG test case. The background is the Mach contours, the solid lines
with arrows are the streamlines and the solid lines without arrows are the iso-pressure lines.
Results are from computations with the RSM-Menter.
Figure 6.6 Wall pressure distribution of (a) DG test case and (b) SS test case predicted by different
turbulence models. The locations of the expansion corners are marked on the abscissa with
vertical lines.
gradient at approximately 0.5δ0 upstream of the corner. This is due to the flow acceleration
in the subsonic part of the boundary layer which initiates a mild expansion of the supersonic
part. When the upstream Mach number is higher, the upstream effect is less visible, as can be
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seen in SS test case, probably because of a relatively thinner subsonic layer.
Critical assessment of the experimental data suggests that there might be some weak shock
waves or expansion waves traveling in the wind tunnel that caused the pressure measurements
to exhibit some waviness upstream and downstream of the corner. Such small pressure
changes should not make any significant impact on the development of the boundary layer.
6.1.4.3 Skin friction
The skin friction coefficient is defined as:
Cf =
τw
1
2
ρrefU2ref
(6.1)
in which τw is the local wall shear stress, ρref andUref are the free-stream density and velocity
of the undisturbed flow, respectively.
The computed skin friction coefficients along the streamwise direction in DG test case
are shown in Fig. 6.7. The predictions by the SST model and the RSMs are within the
experimental uncertainties. The skin friction rises in the vicinity of the corner in response
to the upstream effect which causes a larger velocity gradient at the wall. The increase of
wall shear stress reaches a maximum at the corner where the near wall velocity encounters
a large rise within a very short distance. Across the expansion fan, the boundary layer starts
to expand and the velocity gradient at the wall is relaxed. This results in a drop of skin
friction. Further downstream, both experiment and computation show a gradual decrease in
skin friction.
It should be noted that the experimental data used here were not direct measurements of
skin friction. Dussauge and Gaviglio derived the upstream skin friction based on the log-law
of the velocity profile and the downstream skin friction using Chew’s correlation [19] for
supersonic expanded flow (see Eqn. 2.2). This correlation employs the integral parameters
of the boundary layer, thus, its result is not strictly comparable to the skin friction obtained
from equation 6.1. In an attempt to make a more rigorous comparison, Chew’s correlation
is applied to the numerical results. The derived skin friction coefficients (shown as the
H symbols in Fig. 6.7) are in good agreement with the measurements, indicating that the
computed flow field is similar to the flow field in the experiment.
6.1.4.4 Velocity Profiles
In DG and SS test cases, a streamwise coordinate system is used in which x and y denote the
streamwise and wall normal coordinates upstream of the corner and s and n are the respective
coordinates downstream of the corner. Fig. 6.8 and Fig. 6.9 illustrate the velocity prediction
by the turbulence models at various locations in DG test case. The numerical results are in
close agreement with the experimental data. In the vicinity downstream of the expansion
corner, the velocity is first accelerated in the near wall region then the boundary layer is
expanded. This results in a fuller and thicker boundary layer far downstream of the corner.
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Figure 6.7 Skin friction prediction of DG test case by different turbulence models.
Fig. 6.10(a) shows the velocity profiles predicted in SS test case at two locations, which are
also in good agreement with the experimental data. Here, it should be noted that the velocity
and wall normal distance are normalized by the local edge velocity and local boundary layer
thickness so that the flow acceleration and expansion are not explicitly visible. With this
normalization, it is clear that the velocity profile downstream of the corner is fuller and the
fractional change in velocity is greater at lower Mach number in the inner part of the boundary
layer [92].
In Fig. 6.9 and Fig. 6.10(b), the velocity profiles are plotted again using van Driest
transformation in wall coordinates which takes into account the variation of density in
compressible boundary layer. u+ and y+ are defined as follows:
u+ =
UV D
uτ
, y+ =
yuτ
νw
(6.2)
where UV D is the van Driest transformed velocity, uτ is the friction velocity which is
proportional to the wall shear stress, νw is the viscosity at the wall and y is the distance
from the wall. Since the predictions by all models are similar, only the results from the RSM-
Menter are shown in theses figures. Furthermore, it should be stressed that all the available
measurements are used.
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Figure 6.8 Mean velocity profile predictions at different locations in the DG test case. The profiles
are offset by 0.3 successively for clarity. x and y are the coordinate system upstream of the
corner, s and n are the coordinates downstream of the corner.
In case of a zero pressure gradient, van Driest transformation is expected to reproduce
the log-law of the wall as in an incompressible turbulent boundary layer. This is confirmed
through the excellent collapse of the velocity profiles upstream of the expansion corner for
both experimental and numerical results. Downstream of the expansion region, the velocity
profile departs from the log law in both the wall region and near the edge of the boundary
layer. The laminar viscous sub-layer is extended and the buffer layer overshoots the log
line. This phenomenon supports the proposal of the formation of a new laminar sub-layer
discussed in section 2.1.4. Further downstream (s = 7.8δ0), the viscous sub-layer returns to
the shape normally seen in fully turbulent boundary layer at zero pressure gradient and the
log layer reappears.
In the region near the boundary layer edge, the wake layer first diminishes then evolves
again while the boundary layer is accelerating and expanding. At approximately the same
distance downstream of the expansion corner (s = 3.5δ0 in Fig. 6.9(b) and s = 3.8δ0 in
Fig. 6.10(b)), it can be seen that the wake layer recovers faster in DG test case. This is
probably because the distortion is stronger in SS test case.
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Figure 6.9 The van Driest transformed velocity profiles plotted in wall coordinates, DG test case,
RSM-Menter, (a) upstream, (b) in the vicinity downstream of the corner and (c) far
downstream of the corner.
6.1.4.5 Turbulence prediction
In this section, the components of the Reynolds stress tensor are compared to the experimental
data. For the SST model, Boussinesq approximation (Eqn. 4.7) was invoked to deduce these
quantities.
The changes of the streamwise Reynolds stress R˜11 at several locations upstream and
downstream of the expansion corner are illustrated in Fig. 6.11. Along the last Mach wave,
the stress first reduces in the near wall region. With increasing streamwise distance, the
reduction is shifted away from the wall and spreads over a larger portion of the boundary
layer.Turbulence recovers quickly close to the wall and causes the profile to look more like a
combination of two different layers with a local minimum (“knee point" [92]) and two local
maxima. At the last station (s = 10.9δ0), the local minimum still exists and the outer layer
does not yet show any sign of recovery since the magnitude of the Reynolds stress does not
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Figure 6.10 (a) Mean velocity profile predictions in the SS test case. Upstream: δ = 26 mm, Uδ = 580
m/s. Downstream: δ = 50 mm, Uδ = 618 m/s. (b) The van Driest transformed velocity
profiles plotted in wall coordinates for the SS test case.
Figure 6.11 Streamwise Reynolds stress profiles at several locations in DG test case.
increase. The numerical results show reasonable agreement with the measurements. The
local minimum is slightly overpredicted.
It can be seen in Fig. 6.11 that the streamwise Reynolds stress is growing at y > δ0. This is
due to the expansion of the boundary layer and the use of a global parameter (δ0) to normalize
the distance from the wall. In Fig. 6.12, a local parameter (δt) is used to show the stress profile
in SS test case. δt is defined as the distance where the stress has reached its free-stream
value [92]. The whole profile is now less full downstream of the corner and exhibits similar
features as in DG test case with a more severe reduction in turbulence intensity. Numerical
predictions are acceptable with a small underprediction of the local minimum.
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Figure 6.12 Streamwise Reynolds stress profiles upstream and downstream of the expansion corner in
SS test case. Upstream: δt = 26 mm. Downstream: δt = 60 mm. The arrow indicates the
experimental uncertainty.
6.1.5 Numerical results of successive distortion test cases
6.1.5.1 Effects of three-dimensionality
In the experiments, the authors reported that both surface flow visualizations and measure-
ments off the center-line showed no significant three-dimensional (3D) effects across the
expansion corner. For the compression corner, however, there were some spanwise variations
due to flow separation [94]. In order to test how three-dimensionality affects the numerical
results, representative 3D computations were done for both Ramp A and B in a separate study
by Chilukuri [21] and the main findings are presented below.
The 2D grids of Ramp A and B are extended by 65 mm in the spanwise direction to
cover the physical space of half of the ramp model, i.e., from the symmetric plane to the
sidewall fence (see Fig. 6.2). The fence was introduced in the experiments in order to
prevent the influence of the windtunnel corner flow on the main flow. The grid topology
at the compression corner and expansion corner in the symmetry plane were kept the same as
before (see Fig. 6.13). In the sidewall plane, the grid is stretched at the start of the fence to
resolve the sidewall shock and the formation of the boundary layer on the fence. The shape
and size of the fence were approximated based on the available information in Smith [92].
Although the grid resolution in the symmetry plane is coarser than the 2D grid due to limited
time and computational resources, the stretching was designed so that y+ at the wall is still
smaller than 1. The grid is also stretched near the sidewall to achieve z+ at the wall smaller
than 1. The final grids contain 1.2 million cells in total with 24000 cells in the symmetry
plane and 50 cells in the spanwise direction. The number of cells in the symmetry plane was
obtained by reducing the number of cells of grid 1 (see Fig. 6.4) by four times (two times in
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both x and y directions). Furthermore, the computational domain was also shortened in the
streamwise direction because the focus is on the 3D effects in the vicinity of the compression
and expansion corners. Because of the departure from the converged grid, these 3D grids can
be used to check for 3D effects but direct comparison to experimental data is precluded.
Figure 6.13 3D grid topology of Ramp A.
Computations were performed with the SST model and the RSM-Menter. The near wall
flow features predicted by these models are illustrated in Fig. 6.14(a) and Fig. 6.14(b). At the
compression corner, computation with SST model shows fairly straight lines of separation
and reattachment while these exhibit small waviness in the prediction by the RSM-Menter.
Since this flow separation does contain 3D features as observed in the surface streak pattern
measurements by Settles et al. [89], the result here indicates that the RSM is more sensitive to
3D effects than the SST model, as expected. At the expansion corner, in contrast, no obvious
3D effects can be observed except a small streamline divergence in the region close to the
sidewall fence. The flow features on Ramp B, which are not illustrated here, showed very
little 3D effects since there is no flow separation at the curved compression surface.
The quantitative effects of three-dimensionality are assessed by comparing the predicted
pressure and skin friction distributions to the measurements in Fig. 6.15. For brevity, only 2D
and 3D computations of Ramp A with RSM-Menter are considered here. They are selected
because the flow separation at the sharp compression corner is highly three-dimensional and
the RSM is more sensitive to 3D flows. In the figure, the wall plane is at 7% of the distance
between the fence and the symmetry plane, the mid plane is at 50% and the symmetry plane
is at 99%. The comparison reveals that, except for the skin friction in the plane near the
wall, the influence of 3D effects on the mean flow is quite small, especially in the symmetry
plane. While there are small discrepancies at the points of separation and reattachment (which
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(a) SST model (b) RSM-Menter
Figure 6.14 Top view of near wall streamtraces on Ramp A.
are also evidenced from the near wall streamtraces), the general predicted pressure and skin
friction along the symmetry plane and the mid plane are very similar. The same can also be
said for the predicted pressure and skin friction in 2D and 3D computations. Therefore, it can
be concluded that, although 3D effects are certainly present at the compression corner with
flow separation, 2D computation can still provide a sufficiently good prediction of the mean
flow in the symmetry plane in this particular test case.
6.1.5.2 General flow features
The general flow features of successive distortions on Ramp A and B were described
previously in section 2.3.1. They are briefly summarized here. At the sharp compression
corner on Ramp A (see Fig. 6.16(a)), the induced pressure gradient is strong enough to cause a
small flow separation. After the reattachment, the boundary layer becomes thinner because in
supersonic flow, when the pressure rises, the density increases more rapidly than the decrease
in velocity. The flow is subsequently expanded at the expansion corner through a centered
expansion fan and the boundary layer thickness increases afterwards.
On Ramp B (see Fig. 6.16(b)), the turning of the flow occurs over a longer streamwise
distance and therefore the pressure gradient is less severe. The flow compression at the
concave corner is achieved through a series of compression waves and the shock wave is
not formed until well outside of the boundary layer. Since the compression fan boundary
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(a) (b)
Figure 6.15 (a) Pressure and (b) skin friction distributions from 2D and 3D computations of Ramp A
with RSM-Menter. The ramp geometry is not to scale.
layer interaction imposes a milder pressure gradient, no flow separation appears in this case.
Similar to the flow on Ramp A, the boundary layer thickness is decreased on the ramp and
then increased behind the convex corner. For both cases, there is no overall net change in flow
direction, hence, the free-stream conditions are effectively similar upstream and downstream
of the interaction region.
6.1.5.3 Wall pressure
The wall pressure distribution on Ramp A is shown in Fig. 6.17(a). The flow separation at
the sharp corner can be seen through a small pressure plateau where x is less than 0 and this
feature is predicted well by both the SST model and the RSM-Wilcox. The RSM-Menter
predicts an earlier flow separation. Downstream of the corner, the pressure continues to rise
and reaches the inviscid level for a 20◦ turning at this Mach number at the end of the ramp.
In the expansion region, a sharp drop in the computed pressure can be seen and closely
resembles the drop in the measurements. Further downstream, the effect of the expansion
corner lasts for about 5δ0 which is shorter than that in SS test case. This is because the
compression corner reduces the Mach number upstream of the expansion corner thus, the
hypersonic similarity parameter is smaller (see discussion on the downstream influence of an
expansion corner in section 2.1.4). The pressure eventually reaches the pressure level of an
inviscid expansion. The measurements exhibit a certain waviness while leveling off at x >
10δ0 because of the reflecting shock wave and expansion waves from the upper wall in the
wind tunnel.
On Ramp B (Fig. 6.17(b)), there is no flow separation and the pressure rises at the onset
of the concave curvature. The pressure is increased even after the end of the curvature and
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Figure 6.16 The flow features along (a) Ramp A and (b) Ramp B [92]. The background is the Mach
contours, the solid lines with arrows are the streamlines and the solid lines without arrows
are the iso-pressure lines. Results are from computations with the SST model.
only starts to drop at the beginning of the convex curvature. The pressure then decreases
monotonically and continues to drop for another 3 to 4δ0 after the end of the curved
convex wall. The computed pressure matches the measurements reasonably well except
far downstream of the interaction region where the effects of reflecting shock wave and
expansion waves were not considered.
6.1.5.4 Skin friction
Along Ramp A (Fig. 6.18(a)), the skin friction drops sharply at the onset of the flow
separation before it recovers at the reattachment on the ramp and rises until the expansion
corner. Downstream of the expansion corner, the skin friction decreases gradually for about
6δ0. The SST and RSM-Wilcox predicts the skin friction across the flow separation and
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Figure 6.17 Wall pressure prediction of (a) Ramp A and (b) Ramp B by different turbulence models.
The ramp geometry is not to scale.
on the ramp correctly while the RSM-Menter underpredicts the skin friction on the ramp.
Downstream of the expansion corner, only the SST model provides a good match with
measurements while the RSMs underpredicts the skin friction.
Similar to the wall pressure, the skin friction on Ramp B (Fig. 6.18(b)) begins to rise
at the onset of the concave curvature. The location of the maximum of skin friction is at the
beginning of the convex curvature which is downstream of the maximum of the wall pressure.
The skin friction is subsequently decreased until the end of the computational domain. Here,
all turbulence models underpredict the skin friction in the interaction region and only the SST
model is able to match the measurements in the relaxation region further downstream.
Figure 6.18 Skin friction prediction of (a) Ramp A and (b) Ramp B by different turbulence models.
The ramp geometry is not to scale.
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Figure 6.19 Skin friction prediction of (a) Ramp A and (b) Ramp B by numerical Preston’s probe. The
ramp geometry is not to scale.
Here, caution should be again exercised on the determination of the experimental skin
frictions. The measured skin friction in these test cases (Ramp A and B) were also obtained
indirectly using Preston’s probe and Bradshaw-Unsworth’s correlation [13] (see Eqn. 2.1).
The same method is used to deduce the skin friction from the numerical results (numerical
Preston’s probe) and it is plotted as the symbols in Fig. 6.19. The derived skin frictions
are smaller than the experimental data on the ramp surface but are within the experimental
uncertainty downstream of the expansion corner. This means that the computed mean flow
field is in better agreement with the experiment downstream of the expansion corner. It
is concluded that the predicted skin frictions on Ramp A and B are at least qualitatively
correct and direct measurements of skin friction are needed to further confirm the quantitative
prediction of skin friction by the turbulence models.
6.1.5.5 Velocity Profiles
The van Driest transformed velocity profiles at several locations on Ramp A and Ramp B are
shown in Fig. 6.20 where the flow direction is from bottom to top, i.e., the bottom picture
illustrates a profile upstream of the compression corner and the top picture shows a profile
far downstream of the expansion corner. According to Eqn. 6.2, u+ and y+ are deduced from
the velocity and skin friction. Here, the skin friction was already discussed and only the
differences in the velocity profile are of interest. Thus, in every subplot, only one friction
velocity was used to derive u+ and y+ from the numerical results. This is evident through the
collapse of the wake layer predicted by all turbulence models. The velocity profiles in this
figure are discussed below.
On Ramp A, upstream of the interaction, a substantial log line and wake layer indicate
a fully turbulent boundary layer. On the ramp face (x = 4.38δ0), the measurements were
taken from [94] and the profile exhibits a characteristic dip below the log line and the wake
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Figure 6.20 The van Driest transformed velocity profiles plotted in wall coordinates on Ramp A (left
column) and Ramp B (right column). The friction velocities from the experiment were
used to normalized all the profiles.
layer increases significantly. These features are predicted reasonably well by the SST model.
The Reynolds stress models slightly overpredict both the dip and the extent of the wake
layer. Downstream of the expansion corner, the tendency to overshoot the log line (as seen in
Fig. 6.9) counteracts the dip and the log layer re-establishes rather quickly, after about 5δ0 (at
x = 10.88δ0) which is faster than in the DG test case. Similar to the observations in the DG
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and SS test cases, the wake layer collapses in the supersonic expanding flow. The recovery of
this layer is, however, very slow and at the last station, the profile still varies logarithmically
in most part of the boundary layer. The prediction by the turbulence models in the expansion
region is good and all interesting features are captured with sufficient accuracy.
The velocity profiles on Ramp B are similar to those on Ramp A. Downstream of the
expansion corner, the velocity slightly overshoots the log line and the wake layer recovers
very slowly. The similarity between velocity profiles on the two ramps indicate that velocity
is more influenced by the overall distortion and surface curvature does not play an important
role. The numerical results are in good agreement with the measurements.
6.1.5.6 Turbulence prediction
Fig. 6.21 shows the three main components of the Reynolds stress tensor on Ramp A. The
flow direction is again from bottom to top. Here, δt is again used to normalize the wall
distance. The values of δt at each location can be found in Smith [92]. One exception is the
profile on the ramp (x = 2.92δ0) which was taken from Smits and Muck [94] and normalized
with δ0. R˜11, R˜22 and R˜12 are discussed consecutively below.
On the ramp face (x = 2.92δ0), the streamwise Reynolds stress R˜11 is amplified greatly
and the location of maximum stress moves significantly away from the wall. While the
turbulence models predict the amplification correctly, the predicted shift of the maximum
point is much less accurate. Downstream of the expansion corner, the streamwise stress
profile is qualitatively similar to that in DG and SS test case with two “layers", a knee point
and two local maxima, one near to the wall and the other in the middle of the boundary layer.
Despite good agreement in the near wall region and near the edge of the boundary layer,
the numerical results fail to capture the locations of the local minimum and the second local
maximum, as well as overpredicts the streamwise stress in the middle part of the boundary
layer. This is probably due to the inaccurately predicted profile on the ramp face. In the outer
part of the boundary layer (y > 0.7δ0) downstream of the expansion corner, the streamwise
Reynolds stress closely resembles the profile upstream of the compression corner without
showing any history effects of the successive distortions. This is predicted well in the
computations. The behavior of streamwise Reynolds stress supports the hypothesis “three
zones of response" by [92] : a recovery zone where turbulence quickly recovers from the
pertubation; a zone of strong response in the middle of boundary layer where recovery is slow
(second-order response); and a zone of advection near the edge of the boundary layer where
turbulence appears unaffected by the overall effects of the pertubation (linear response). This
was discussed in more details in section 2.3.1.
The response of the normal Reynolds stress R˜22 (Fig. 6.21, right column) to the distortions
is similar to that of the streamwise Reynolds stress. The profile downstream of the expansion
corner features a region of quick recovery near to the wall, a region of strong decay and slow
recovery in the middle of the boundary layer and a region of unaffected stress near to the edge
of the boundary layer. The agreement between computation and experiment is only modest
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Figure 6.21 The prediction of R˜11 (left column), R˜12 (middle column) and R˜22 (right column) on
Ramp A.
due to the wrong location of the second local maximum. The SST model is better than the
RSMs both upstream and downstream of the ramp.
The most interesting component of the Reynolds stress tensor is the Reynolds shear stress
-R˜12 which is the main ingredient for the energy transfer between the mean motion and the
fluctuating motion in flows without extra strain rates in a simple shear flow. On the ramp
(see Fig. 6.21, middle column, x = 2.92δ0), the shear stress is amplified strongly and the
maximum stress is shifted away from the wall. The picture resembles what was seen in the
streamwise stress at this location. The turbulence models again predict the maximum point
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Figure 6.22 The prediction of R˜11 (left column), R˜12 (middle column) and R˜22 (right column) on
Ramp B.
too close to the wall. Furthermore, the RSMs overpredict the stress more significantly than the
SST model. This explains why the SST model reproduces the velocity profile downstream
of the compression corner better than the RSMs (see Fig. 6.20, left column, x = 4.38δ0).
Downstream of the expansion corner, the response of R˜12 to the expansion is different from
that of R˜11. While still displaying a small region of quick recovery near to the wall, the
shear stress collapses throughout the remainder of the boundary layer. The Reynolds shear
stress even changes sign in the outer part of the boundary layer. Arnette et al. [3] observed
the same phenomenon downstream of the expansion corner with LDV measurements. It
is rather surprising that the Reynolds stress models, being worse than the SST model on
the ramp face, show good agreement with the measurements, especially in predicting the
negative part of the shear stress. This is probably because the expansion corner suppresses
the Reynolds shear stress so strongly that upstream history is not as important anymore. A
different picture emerges from the changes in the Reynolds shear stress. The “three zones of
response" theory cannot be applied here. The expansion affects the whole boundary layer and
the recovery is much slower. At the last station, the profile is still far from equilibrium. The
Reynolds shear stress changes sign and this is a very strong indication of reverse transition or
relaminarization in which some of the energy is being transfered from the fluctuating motion
to the mean motion. This behaviour will be discussed in more details in the next section.
The Reynolds stress components on Ramp B are shown in Fig. 6.22. The overall response
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is very similar to that of Ramp A. The streamwise stress profiles exhibit inflection points
in which the local minimum is propagating into the middle part of the boundary layer with
increasing streamwise distance. This suggests the existence of an internal layer [92]. The
shear stress collapses throughout the boundary layer and contains a negative part near to the
outer edge. The numerical predictions are in better agreement with the experimental data
than in Ramp A which is probably due to less severe distortions and the absence of the flow
separation along the concave surface. The RSMs are better in predicting the Reynolds shear
stress R˜12 while the SST model is better in predicting the normal Reynolds stress R˜22.
6.1.5.7 Effects of turbulence amplification across a compression corner
Previous sections clearly showed that RANS turbulence models are able to predict the
relaminarization due to rapid expansion in supersonic turbulent flow with sufficient accuracy.
The agreement of both mean flow and turbulent quantities in the pure expansion test cases
(DG and SS test cases) are excellent. In the test cases featuring successive distortions (Ramp
A and Ramp B), the prediction is reasonable, with some discrepancies. These discrepancies
are due to the difficulty in computing the flow across the compression corner. Within the
RANS framework, turbulence models have not yet advanced to the point where flow in
adverse pressure gradient and flow separation can be predicted satisfactorily in terms of
mean velocity profiles and Reynolds stress profiles [100]. This imposed some defects on the
mean flow and turbulent profiles upstream of the expansion corner and caused the differences
further downstream (as seen in Fig. 6.21). Nevertheless, some of the important flow features
across the compression corner were captured in the computations.
In order to investigate the predictive capability across the compression corner in more
details, a separate study was done by Nguyen et al. [79] and Vukovic [104] in which 2D
simulations of compression corner flow with different deflection angles were performed.
The inflow condition is identical to that of Ramp A and B (see Table 6.1). Four different
compression angles were considered: 8◦ (no flow separation at the corner), 16◦ (incipient
separation), 20◦ (separation) and 24◦ (strong separation). It was found that for the 8◦
compression corner, the RSM provides a better prediction of turbulence amplification than
the SST model. This is illustrated in Fig. 6.23(a) where the turbulence evolution along a
streamline is plotted and compared with the measurements. The SST model predict a sudden
jump in turbulence across the shock wave while the RSM provides a more gradual increase
in the Reynolds streamwise stress which agrees much better to the experimental data. This
result is not surprising because the Reynolds stresses are assumed to be linearly proportional
to the mean strain rate in the SST model and the model cannot take into account the flow
history properly. A similar conclusion can be made if one looks at the predicted maximum
Reynolds shear stress across the compression corner in Fig. 6.23(b).
At a larger compression angle with flow separation, the Reynolds stress models still predict
a gradual evolution of turbulence (see Fig. 6.24). However, the Reynolds shear stress is
significantly less over-predicted by the SST model as was illustrated in Fig. 6.21. This is
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(a) (b)
(c)
Figure 6.23 Turbulence amplification across an 8◦ compression corner: (a) Reynolds streamwise
stress, (b) maximum Reynolds shear stress and (c) flow features at the corner predicted by
the SST model.
probably because the Reynolds shear stress is limited as a fraction of the turbulence kinetic
energy in the SST model (see section 4.2.6). It was suggested in several publications that
this engineering limiter is crucial to predict flow separation correctly using eddy viscosity
models [70,110]. Therefore, although the RSM has shown a great potential in improving the
predictive capability of RANS models, it must be further developed in order to incorporate
the effects of turbulence amplification in flow separation in a similar manner as for the SST
model.
Nguyen et al. [79] and Vukovic [104] also found that the reattachment streamline predicted
by the RSMs seems to be intuitively non-physical (see Fig. 6.25(a)). Here, the streamlines
first curl back towards the upstream direction before going out in the downstream direction.
The same anomalous behavior was observed by Hanjalic and Jakirlic [39] and they explained
that this is because the turbulence is amplified too much by the RSMs around the reattachment
region. Yap correction (see section 4.3.2) is a good cure because the additional source term
reduces the excessive growth of turbulence by enhancing the dissipation. This is confirmed
in Fig. 6.25(b) and it is concluded that Yap correction should be used in the RSM in order to
predict the correct flow pattern in the reattachment region.
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Figure 6.24 Amplification of Reynolds streamwise stress across a 20◦ compression corner.
!"#$%&&(%)*+,,+-./*0,%1*#"20%23%7"4-28%)56(a) (b)
Figure 6.25 Streamlines at the reattachment region: (a) RSM-Wilcox and (b) RSM-Wilcox with Yap
correction.
6.1.6 Discussions
6.1.6.1 The applicability of RANS turbulence models
The success of RANS computations for the supersonic flow around the expansion corner is
explained in the following. First of all, this flow is driven by a stabilizing mean motion which
interacts strongly with the Reynolds stresses and turbulence kinetic energy. Since turbulence
is reduced significantly in the interaction region, the pressure gradient term is more important
than the Reynolds stress divergence term in the momentum equation. Thus, the mean flow
predictions are less dependent on the turbulence models. Secondly, as shown in section 3.6,
only Pij , Πij andMij in Eqn. 3.28 are important in the limit of rapid distortion approximation.
Furthermore, at this relatively low Mach number, the compressibility effect due to Mij can
possibly be neglected. Dussauge and Gaviglio [25] computed their experiment using different
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models for the pressure-strain correlation termΠij and the results indicated that the prediction
of streamwise Reynolds stress is not sensitive to the choice of Πij model. Thus, it seems that
the production term is the most important factor in the transport equation of the Reynolds
stresses in this case. Since this is also the only term in the Reynolds stress models that does
not require any modeling, if the flow profiles upstream of the expansion corner are correct,
the prediction of the mean flow and turbulent quantities downstream of the corner should be
accurate, at least in the vicinity of the expansion fan where the distortion is strong and rapid.
Further downstream, the flow experiences mild favorable pressure gradient, the log layer in
the velocity profile recovers rather quickly and turbulence is generated by the main strain
rate. This process should not impose any difficulty to the conventional RANS turbulence
models. It should be noted, however, that rapid distortion approximation is only valid in the
outer layer of the boundary layer.
6.1.6.2 The role of bulk dilatation
It was shown in section 3.6 that in a rapid dilatation with spherical symmetry where the mean
distortion is isotropic and the flow is driven only by the change of density, Tij = R˜ij/ρ¯2/3
is constant along any streamline and the Reynolds stress anisotropy remains unchanged [25].
Dussauge and Gaviglio [25] and Smith and Smits [91] suggested that this type of dilatation is
the main mechanism that is responsible for the reduction of turbulence in the outer layer
across the expansion corner. Since the computations provide good agreement with the
experimental data, the numerical results can be used to demonstrate this hypothesis.
Figure 6.26 The evolution of Dussauge’s parameter T˜ij along different streamlines in DG test case,
(a) T˜11, (b) T˜12. Tij,ref is the upstream value of each individual streamline. Prediction by
RSM-Menter.
Dussauge’s parameters T11 and T12 are plotted along four different streamlines in DG and
SS test cases in Fig. 6.26 and Fig. 6.27. The streamlines originate at a certain height in the
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Figure 6.27 The evolution of Dussauge’s parameter T˜ij along different streamlines in SS test case, (a)
T˜11, (b) T˜12. Tij,ref is the upstream value of each individual streamline. Prediction by
RSM-Menter.
undisturbed boundary layer and this is shown as a percentage of boundary layer thickness in
the figures. Only the region close to the expansion corner is considered since this is where
rapid distortion approximation likely holds. Along the streamline closest to the wall (0.05δ),
Tij departs very quickly from the upstream value and the above hypothesis is certainly invalid.
Far from the wall, however, there is a small region in the vicinity of the corner where Tij is
approximately constant. This region is longer in SS test case indicating that mean dilatation
is more dominant when the expansion is stronger. This result suggests that bulk dilatation is
an important factor, especially in the outer part of the boundary layer. In the near wall region
and far downstream of the corner, the reduction of turbulence is only partially driven by bulk
dilatation, and other factors also play important roles. These factors will be discussed in the
subsequent sections.
6.1.6.3 The characteristic of the mean motion
In this section, the mean motion of the flow is characterized and its influences on the
development of the Reynolds stresses are identified. The analysis is based mainly on the
production term in the Reynolds stress transport equation since this term plays a major role in
the process of relaminarization in supersonic flows. For two-dimensional flows, the transport
equation of −R˜12 and R˜11 can be written explicitly as follows:
D
Dt
(
−ρR˜12
)
= ρ¯
[
R˜11
∂v˜
∂x
+ R˜22
∂u˜
∂y
+ R˜12
(
∂u˜
∂x
+
∂v˜
∂y
)]
− ρ¯Π12 − ρ¯12 − ρ¯D12 − ρ¯M12 (6.3)
D
Dt
(
ρR˜11
)
= ρ¯
(
−2R˜11∂u˜
∂x
− 2R˜12∂u˜
∂y
)
+ ρ¯Π11 + ρ¯11 + ρ¯D11 + ρ¯M11 (6.4)
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u˜ and v˜ are the velocity components in the x and y directions, respectively. Each of the
velocity gradient components appearing in equation 6.3 and 6.4 can be associated with a
physical process. ∂u˜/∂x is significant in flows with pressure gradient. ∂u˜/∂y is the main
strain rate which is always important in viscous flows. ∂v˜/∂x represents the effect of
streamline curvature and (∂u˜/∂x+ ∂v˜/∂y) is the bulk dilatation (the divergence of velocity).
The changes of the velocity gradient across the expansion region on Ramp A are illustrated
in Fig. 6.28. Upstream and far downstream of the corner, the main strain rate ∂u˜/∂y is
the most significant component, as expected. In the expansion fan, however, the other
components are increased greatly and cannot be neglected. ∂u˜/∂x is positive due to
the flow acceleration, ∂v˜/∂x is negative because the sense of curvature is convex and
(∂u˜/∂x+ ∂v˜/∂y) is positive since the density is decreasing in this region (see Eqn. 3.43).
What may seem surprising at first is that ∂u˜/∂y near the wall is negative in the distortion
region while it is positive elsewhere. This phenomenon can be explained by looking at
the velocity profile close to the corner (see, for example, Fig. 6.8, s = 0.7δ0). Across the
expansion fan, the velocity is accelerated in the near wall region but remains unchanged in
the far-field, thus, the profile exhibits a region of decreasing velocity and an inflection point.
This is responsible for the region of negative ∂u˜/∂y close to the wall. It can also be seen in
Fig. 6.28 that bulk dilatation is the largest component in the interaction region.
Figure 6.29 shows the changes in R˜ij on Ramp A. Basically, the Reynolds stress is first
amplified across the compression corner, and then is suppressed after the expansion corner.
The rate of change is, however, different along different streamlines. In the near wall region,
both the amplification and the suppression is strong, followed by a quick recovery of the
stresses. In the middle of the boundary layer, the amplification is weaker and the reduction
is more gradual accompanying by a slow recovery (if any). The reduction in −R˜12 is more
dramatic than that of R˜11 or R˜22. The Reynolds shear stress even changes sign in the middle
of the boundary layer.
The results in Fig. 6.28 are now used to explain the response of R˜ij to the mean motion
by analyzing the production terms in Eqn. 6.3 and Eqn. 6.4. Across the expansion corner,
all three terms in the production term of −R˜12 are negative since either the velocity
gradient is negative (∂v˜/∂x and ∂u˜/∂y) or the Reynolds stress component is negative (R˜12).
Furthermore, the Reynolds stress components are amplified on the ramp and the velocity
gradients are large in the expansion. This results in a strongly negative production of −R˜12
at the onset of the expansion and explains the dramatic drop of this component. In the outer
part of the boundary layer, the effects of bulk dilatation and streamline curvature are strong
enough to cause the relatively small −R˜12 to change sign and become negative. Downstream
of the interaction, the production is positive and sufficiently large in the near wall region due
to large ∂u˜/∂y, thus, the Reynolds shear stress recovers rather quickly. Far from the wall,
however, the velocity gradient is small which is due to a fuller profile and the Reynolds stress
components are still weak. This combined effect leads to the slow recovery in the outer part
of the boundary layer.
The effects of mean motion on the streamwise Reynolds stress R˜11 can be analyzed in the
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Figure 6.28 The changes of velocity gradient along different streamlines on Ramp A, τ0 = Uref/δ0.
Prediction by RSM-Menter.
same manner. In the expansion region, both terms in the production term of R˜11 are negative,
thus, enforce the suppression of R˜11. Since R˜11 is larger than −R˜12, the reduction seems
less severe even though they are both subjected to similar distortions. This explains why,
downstream of the expansion corner, R˜11 in the outer layer seems to be unaffected by the
distortion while −R˜12 is still far from the equilibrium value. It can also be seen that the
region of strong response and slow recovery in the middle of R˜11 profile corresponds to the
region where the extra strain rates are relatively smaller but longer lasting.
So far, it has been demonstrated that the supersonic flow over a convex corner exhibits
a stabilizing nature with a tendency to suppress all the components of the Reynolds stress
tensor and inhibit the recovery in the outer part of the boundary layer after the interaction.
This characteristic can also be investigated by consulting the change of vorticity along a
mean streamline. The vorticity in the spanwise direction is defined as ωz = ∂u˜/∂y− ∂v˜/∂x.
Fig. 6.30 illustrates ωz distribution in the streamwise direction in DG and SS test cases. In
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Figure 6.29 The evolution of R˜ij along different streamlines on Ramp A, (a) R˜11, (b) R˜12 and (c) R˜22.
Prediction by RSM-Menter.
the vicinity downstream of the expansion corner, the vorticity drops below its upstream value,
indicating that the flow has been stabilized. Further downstream, vorticity is mainly driven
by ∂u˜/∂y and may increase again. Arnette et al. [3] suggested that when the density gradient
normal to the wall is insignificant (such as in the outer portion of the boundary layer), vorticity
may be scaled with density so that ωz/ρ is approximately constant along a mean streamline.
6.1.6.4 The process of energy exchange
It is now interesting to examine how this flow affects the energy transfer between the mean
motion and the fluctuating motion. The production, dissipation and diffusion terms in
Eqn. 4.3 are considered in which Cµ = 0.09 and σ∗ = 0.5. Fig. 6.31 and Fig. 6.32 show
the evolution of the turbulence kinetic energy and its budget along different streamlines in
DG test case. Upstream of the expansion corner, the budget of k˜ shows a typical behavior of
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Figure 6.30 The change of vorticity along different streamlines in (a) DG test case and (b) SS test case.
Prediction by RSM-Menter.
Figure 6.31 The change of turbulence kinetic energy in DG test case, RSM-Menter.
a fully turbulent boundary layer in a zero pressure gradient in which production is balanced by
dissipation in most part of the boundary layer. Around the expansion corner, the production
term is strongly reduced and eventually changes sign, the dissipation is also reduced while
the diffusion is increased slightly. Since the production is the strongest mechanism here,
the turbulence kinetic energy is reduced, first in the near wall region, then in the middle of
the boundary layer with increasing streamwise distance. Further downstream, the remaining
turbulence builds up in the near wall region while in the outer layer, turbulence is still slowly
suppressed. The overall response of the turbulence kinetic energy is consistent with what was
seen in the Reynolds stresses.
Perhaps the most interesting observation is the appearance of the region where production
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Figure 6.32 Turbulence kinetic energy budget along different streamlines in DG test case. Prediction
by RSM-Menter. All terms are normalized by ρrefU3ref/δref .
becomes negative as suggested by Smith and Smits [92] and Arnette et al. [3]. Using the same
analysis procedure as in the previous section, it can be argued that all terms in the production
term are negative in the vicinity downstream of the expansion corner, hence, this result is
not surprising. The significance is that the turbulence kinetic energy can be related to the
mean kinetic energy through the production term (see section 3.4). Since the production
term is responsible for the energy transfer between the mean motion and the fluctuating
motion, negative production of turbulence kinetic energy as observed here is then a clear
sign of reverse transition or relaminarization. The role of the extra strain rates in the negative
production of turbulence kinetic energy are now analyzed. Inspired by Gaviglio et al. [31] ,
the production of turbulence kinetic energy can be divided into four components as follows
(written explicitly for two-dimensional flows):
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ρ¯Pk = −1
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(6.5)
Here, P1 represents the production due to mean dilatation. P2 is defined as the production
due to isovolumetric deformation of normal strain rates, that is the production due to ∂u˜/∂x
and ∂v˜/∂y in the absence of dilatation. P3 is the production due to main strain rate and P4
is the production due to streamline curvature. The variations of these components along
different streamlines in DG and SS test cases are illustrated in Fig. 6.33 and Fig. 6.34.
Upstream of the expansion corner, the production by main strain rates (P3) is the only
significant contribution to the production of turbulence kinetic energy, as expected. In
the expansion region, P3 collapses while the other components are negative in which bulk
dilatation (P1) and isovolumetric deformation of normal strain rates (P2) are the main
mechanisms responsible for the negative production. P1 and P2 are of the same order of
magnitude in DG test case but P1 is significantly larger than P2 in SS test case. This suggests
that bulk dilatation is more important when the expansion is stronger. Further downstream,
the production by main strain rate is dominant again and causes the large production in the
near wall region. In the outer layer, the combination of small velocity gradient due to fuller
profile and suppressed Reynolds stresses results in very little production of turbulence kinetic
energy. It can also be seen that the region of quick recovery is more confined to the wall
with increasing Mach number and expansion angle, since P3 has already risen along the 5%
streamline in DG test case but is still being suppressed along the same streamline in SS test
case. The effect of streamline curvature (P4) is small throughout the whole interaction region,
even though it is important in the reduction of the Reynolds shear stress.
6.1.6.5 Remark on RANS models
Some remarks should be made on the prediction of the Reynolds shear stress by the SST
model and the RSMs on Ramp A and Ramp B. It was explained before that the SST model
is better in predicting the amplification downstream of the compression corner because of
the stress limiter. It was also surprising that the Reynolds stress models were able to predict
the Reynolds shear stress downstream of the expansion corner correctly even though −R˜12
on the ramp was largely overpredicted. This is because the production term of the Reynolds
shear stress has a “self-corrected" mechanism through the term R˜12 (∂u˜/∂x+ ∂v˜/∂y). This
term is significant since it contains the bulk dilatation. Furthermore, it is proportional to
the Reynolds shear stress, thus the larger the Reynolds shear stress is, the more reduction
it will receive across the expansion corner. This explains the agreement downstream of the
expansion corner.
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Figure 6.33 Production budget along different streamlines in DG test case. Prediction by RSM-
Menter. All terms are normalized by ρrefU3ref/δref .
6.2 Prediction of relaminarization based on high resolution LES
data
It was demonstrated in the previous section that both the Reynolds stress model and the SST
model are suitable to predict relaminarization in supersonic flows and the Reynolds stress
model is better in reproducing the turbulent stresses because it contains the exact production
of turbulence. However, this conclusion is based on the experimental data whose accuracy
in the near wall region is limited. In addition, detailed measurements near the expansion
corner were not possible because of the sensitivity of hot-wire anemometry in highly distorted
flows [93]. In order to study the flow phenomena in the areas where experimental data are
not available or reliable, a highly resolved large-eddy simulation (LES) of the the expansion
corner [54] is used to obtain benchmark data for RANS validation. A near wall ω-based
Reynolds stress model was also developed in conjunction to the LES (see section 4.3.5) so
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Figure 6.34 Production budget along different streamlines in SS test case. Prediction by RSM-Menter.
All terms are normalized by ρrefU3ref/δref .
that the near wall effects can be modeled and studied in RANS.
This section is organized as follows: first, the new near wall RSM is validated with zero
pressure gradient flow on a flat plate. Second, the LES computation procedure is briefly
described. Finally, both the LES and RANS results are compared, analyzed and discussed.
6.2.1 Validation of near wall Reynolds stress model
The flow over a flat plate at zero pressure gradient is used here as the test case for model
validation because most turbulence models are calibrated to reproduce the log law of the wall.
In this particular work, the model was also designed to capture the near wall behavior of the
Reynolds stresses in zero pressure gradient flow. For the computations, the grid is identical
to that in the work by Eisfeld [27]. The inflow boundary is located 2L upstream of the flat
plate leading edge where L is the length of the plate. The upper boundary is parallel to the
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flat plate and is at a distance 0.8L above the plate. The grid consists of 224x160 cells which
are densely clustered around the leading edge to resolve the formation of the boundary layer.
The transverse grid lines were stretched in the wall normal direction so that the distance from
the first cell center to the wall corresponds to y+ = 1.85 at the leading edge and decreases to
y+ = 0.16 towards the trailing edge.
Table 6.3 Free-stream and boundary conditions of zero pressure gradient flow on a flat plate (L = 1
m).
M∞[−] ReL[−] T∞[K] ρ∞[kg/m3] Tw[K]
0.3 107 285 1.7475 300
Figure 6.35 Computational grid of a flat plate.
The inflow condition was designed for a Reynolds number of ReL = 107 based on the
flat plate length (see Table 6.3). The free-stream Mach number is set to 0.3 so that the
flow can be considered incompressible. Fig. 6.36 and Fig. 6.37 illustrate the performance
of the new near wall model (RSM NW) in this test case. Fig. 6.36(a) shows that, similar to
the SST model, the RSM NW predicts the skin friction accurately while the RSM-Menter
slightly underpredicts this quantity. The velocity profiles are plotted in wall units (u+ and
y+) at a momentum thickness Reynolds number Reθ = 1410 in Fig. 6.36(b). Here, the
RSM NW slightly overpredicts the buffer layer but the agreement with DNS data in the
wake layer is better than the other models. Regarding the Reynolds stresses in Fig. 6.37,
the RSM NW shows significant improvement in the predictions of the streamwise Reynolds
stress component in the near wall region. Nevertheless, for this simple flow, the Reynolds
shear stress is the most important contribution in the momentum equation and all turbulence
models can predict this quantity well. It can be concluded that the RSM NW is able to capture
the near wall anisotropy of the Reynolds stress tensor better than the RSM-Menter.
6.2.2 Large-eddy simulation
Large-eddy simulation was carried out by Konopka et al. [54] in a collaboration with the
Institute of Aerodynamics, RWTH Aachen University. An in-house finite volume flow
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(a) (b)
Figure 6.36 Predictions of (a) skin friction distribution and (b) velocity profile in a zero pressure
gradient boundary layer. Experimental data is extracted from Eisfeld [26] and DNS data
is from Spalart [96].
solver was used to perform the computations. The Euler terms are discretized by a mixed
centered-upwind AUSM scheme with second order accuracy in space. The non-Euler terms
are discretized with second-order centered scheme. Second-order explicit five-stage Runge-
Kutta method is employed for the temporal integration. The non-resolved subgrid scales are
implicitly modeled using the MILES ansatz [10]. A detailed summary of the flow solver can
be found in Meinke et al. [68].
DG test case was chosen for LES because of the relatively low Reynolds number and
the sufficient amount of available measurements for validation. The inflow conditions were
obtained using a rescaling-recycling technique and the Reynolds stress components in the
rescaling domain show good agreement with DNS data (see Fig. 6.38). The grid topology
of the expansion corner is very similar to that used in the RANS computations. Two
different grids were tested, a medium grid with about 10 million cells and a fine grid with
approximately 24 million cells, to ensure grid convergence. Fig. 6.39 illustrates the rescaling
domain and the expansion corner domain with boundary conditions. A sponge layer is used
at the top of the computational domain to prevent the false reflection of the expansion waves.
4y+ in the medium grid is smaller than unity everywhere except in the vicinity of the
expansion corner because of the spike in the skin friction at this location (see Fig. 6.7). In the
fine grid, 4y+ is smaller than one everywhere.
6.2.3 Results and discussion
The qualitative flow features in LES are first discussed here. Fig. 6.40 is a Schlieren picture
of the instantaneous motion of fluid across the expansion corner. The flow features were
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(a)
Figure 6.37 Predictions of Reynolds stress com-
ponents by the Reynolds stress mod-
els in a zero pressure gradient bound-
ary layer. Symbols are DNS data
from Spalart [96].
Figure 6.38 Predictions of Reynolds stress com-
ponents by LES in a zero pressure
gradient boundary layer. Symbols
are DNS data from Spalart [96].
,  and ◦ denote R˜11, R˜22 and
R˜33, respectively. Reproduced from
Konopka et al. [54].
Figure 6.39 Illustration of the computational procedure. Reproduced from Konopka et al. [54].
derived from the density gradient. Similar to what observed in the experiment (see Fig. 2.6),
it can be seen that the large scale fluctuations in the upstream boundary layer is suppressed
strongly across the expansion fan. Downstream of the interaction, the growth of fluctuations
is relatively slow and is confined to the near wall region. To understand this phenomenon
furthermore, the turbulence structures and the vortex cores are examined in Fig. 6.41. The
vortices were identified using the λ2 criterion in which the second eigenvalue of a special
tensor derived from the velocity gradient tensor is used as an indicator of vortex core [54]. It
is clear that the vortices disappear in the outer layer of the boundary layer downstream of the
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expansion corner. They are also less populated near the wall where the remaining vortices
become thinner and more elongated in the streamwise direction. Further downstream, the
near wall vortices are growing in size and number and are slowly spreading into the outer
layer. This observation confirms the strong reduction of turbulence in the outer layer and
indicates that the recovery of turbulence is originated from the wall.
Figure 6.40 LES Schlieren picture of the flow at the expansion corner. Reproduced from Konopka et
al. [54].
Figure 6.41 Turbulence structures across the expansion corner, made visible by the λ2 criterion.
Reproduced from Konopka et al. [54].
Quantitative comparisons of the mean flow are now considered. The wall pressure and
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skin friction distributions across the expansion corner are illustrated in Fig. 6.42 in which
both RANS and LES results are in close agreement with the experimental measurements.
However, in the vicinity downstream of the expansion corner where the measurements were
not available, the skin friction predicted by LES is significantly smaller than that predicted
by RANS models. This indicates that relaminarization is stronger in LES and there is also
a strong evidence of a retransition region further downstream where the boundary layer is
gradually going from a quasi-laminar state to a turbulent state. While the SST model and the
RSM-Menter do not show any clear sign of a retransition region, this phenomenon is captured
by the RSM NW. However, the prediction fails to resemble the LES result because the onset
of retransition is too early and the length of retransition is too short. It is concluded that a near
wall turbulence model can provide a crude approximation of the retransition process and the
physics of retransition should be studied in more details before the model can be improved.
An additional computation, denoted as “laminar downstream” in Fig. 6.42, was performed
with QUADFLOW where the boundary layer is forced to be fully laminar downstream of the
corner. This helps to clarify that the boundary layer is only quasi-laminar after the strong
expansion.
(a) (b)
Figure 6.42 (a) Wall pressure and (b) skin friction distributions.
Representative velocity profiles at three locations, one upstream location and two down-
stream locations, are shown in Fig. 6.43. No significant difference can be observed between
the experimental data, the LES and RANS results. This is expected because with such strong
reduction in turbulence, the mean flow is more driven by the pressure gradient than the
gradient of the velocity fluctuations. Furthermore, the retransition from quasi-laminar to
turbulent state of the boundary layer does not seem to impose any strong effects on the mean
flow profiles far downstream since the LES and RANS velocity profiles at the last station are
very close to each other.
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(a) (b) (c)
Figure 6.43 Velocity profiles: (a) upstream, (b) in the vicinity downstream and (c) far downstream of
the expansion corner.
Finally, turbulence profiles computed from RANS and LES at several locations are
compared in Fig. 6.44. It can be seen that all components of the Reynolds stress tensor
are reduced downstream of the expansion corner and the agreement between RANS and
LES results is generally good, especially in the outer layer. Near the wall, while the RSM
NW is consistently better than the RSM-Menter, both Reynolds stress models under-predict
the streamwise Reynolds stress. However, the prediction of the Reynolds normal stress and
Reynolds shear stress can be regarded as acceptable. The results in this section confirm that
Reynolds stress models can provide good prediction of the mean flow and turbulence and are
suitable for relaminarizing flow.
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(a) (b)
(c) (d)
Figure 6.44 Turbulence profiles at four locations upstream and downstream of the expansion corner.
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This chapter focuses on the application of this work which is to aid the design and
development of 3D scramjet inlets. The scramjet inlet configurations simulated in this work
were designed during the two phases of the Research Training Group GRK 1095 “Aero-
Thermodynamic Design of a Scramjet Propulsion System for Future Space Transportation
Systems” in Germany [107]. In the first phase of the GRK, two configurations were
considered. The lessons learned from the aerodynamic characteristics and performance of
these inlets were then used to design another configuration in the second phase. In this
chapter, numerical computations of these inlets are performed and several phenomena are
investigated such as relaminarization in an actual inlet without cowl and the effects of sidewall
compression. These works are also published in Nguyen et al. [76, 77].
7.1 Effects of additional terms in compressible formulations
Numerical simulations of hypersonic inlet flows require a more general formulation of the
Navier-Stokes equations and additional closure approximations for compressibility effects.
This is because not only the density is now varying but there are also additional correlations
due to the fluctuating density. Within the scope of this work, several modifications were
considered such as the compressibility corrections that were discussed in section 4.3.1 and
the modifications in the flow solver in section 5.5. These modifications for compressible
flows were suggested by several researchers, e.g., Wilcox [109], Rumsey [85] and their
importance is assessed in this section. The following terminologies are used to distinguish
the modifications:
• Original: the original formulation of the flow solver and the turbulence models.
• k inclusion: inclusion of turbulence kinetic energy to the total energy (see section 5.5).
• Re tensor trace: the last term on the right hand side in Eqn. 4.7 is included. This is only
applicable to the SST model.
• diffusion: the turbulent diffusion term ρ¯D(k) is modeled in the energy equation (see
section 5.5). It should be noted that, for the RSM model, this term was modeled in the
original implementation (see Bosco et al. [11]).
• ZemanCC: Zeman compressibility correction (see section 4.3.1).
• WilcoxCC: Wilcox compressibility correction (see section 4.3.1).
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7.1.1 Inlet model
The inlet considered in this section was developed in the GRK 1095 and tested at the Shock
Wave Laboratory (SWL), RWTH Aachen University. It will be referred to as the “SWL
inlet” from here on. The SWL inlet is 100 mm wide and 580 mm long and comprises of
two external compression ramp and an interior part. The ramps are inclined to the horizontal
surface by 9◦ and 20.5◦ successively. The leading edges of the first ramp and the cowl lip
are sharp. Fig. 7.1 illustrates a 3D CAD drawing of the inlet model. The red surfaces can
be heated during the experiment so that the effects of wall temperature can be tested. More
detailed information about the geometry and instrumentation of the SWL inlet are available
in Neuenhahn and Olivier [73] and Fischer and Olivier [30].
Figure 7.1 CAD drawing of SWL inlet with heatable surfaces in red. Reproduced from Fischer and
Olivier [30].
The test conditions for the SWL inlet are listed in Table 7.1. These values are used as the
boundary conditions in the simulations and the reference values in the analysis of the results.
In the experiments, pressure and heat transfer rate (Stanton number) were measured by Kulite
pressure probes and thermocouples, respectively [30].
Table 7.1 Test conditions of the SWL inlet.
Cond. M∞ [-] Re∞,m [1/m] T0 [K] T∞ [K] Tw [K]
SWL 6.7 3.8x106 1300 129 300
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7.1.2 Grid generation and convergence study
The grids of the SWL inlet were originally created by Krause and Ballmann [57] using the
structured grid generator (see section 5.3). The grid points in the wall normal direction are
stretched by Poisson distribution in order to achieve y+ smaller than 1 close to the wall
everywhere in the computational domain (the minimum distance to the wall is at least 10−6
meter). The transverse grid lines were created in such a way that they are almost always
perpendicular to the wall surface (Fig. 7.2) .
Figure 7.2 Grid distribution in the symmetry plane of the SWL inlet. Every fourth grid line of the
coarse grid is shown.
Three different grids were used in 2D computations: a coarse grid (50000 cells), a medium
grid (200000 cells) and a fine grid (800000 cells). In 3D computations, the 2D coarse grid is
extended in the spanwise direction for half of the width of the inlet and results in a 3D grid
of approximately 3 millions cells. The grid lines in the spanwise direction are also stretched
towards the sidewall (see Fig. 7.3).
Grid convergence study was performed for the 2D computations of the SWL inlet using
the three grids mentioned above in which the resolution from one grid to another was refined
by doubling the number of cells in both the streamwise and wall normal directions. The
stretching functions was also reduced by half in every direction. The computations were
done using the SST turbulence model. Fig. 7.4(a) and Fig. 7.4(b) show the wall pressure
distribution and the Stanton number along the ramps and the upper wall of the isolator for the
three grids. It can be seen that the results predicted by the medium grid and the fine grid are
quite close and they can be considered as grid-converged results. Hence, the medium grid was
used for all the 2D computations of SWL inlet in the subsequent sections unless otherwise
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Figure 7.3 Grid distribution at the exit plane of the 3D grid for the SWL inlet.
stated. Due to the limited computational resources, grid convergence was not studied for
the 3D grid. Instead, the 3D grid was constructed carefully based on previous experiences
to ensure standard requirements such as y+ is smaller than 1 at the wall and the grid has
sufficient resolution to resolve the important physical phenomena.
(a) (b)
Figure 7.4 Grid sensitivity analysis: (a) pressure and (b) Stanton number along the upper wall of the
symmetry plane, SWL inlet, SST turbulence model.
7.1.3 Numerical considerations
Numerical computations of the scramjet inlet are performed in this section for the SWL
inlet using the SST model and the RSM-Menter. Laminar-turbulent transition was found
experimentally in the inlet and has to be simulated in the computations. For the SST model,
this is done by solving an additional set of equations that was originally proposed by Langtry
and Menter [61] and was implemented into QUADFLOW by Krause [56] using an in-house
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correlation. For the Reynolds stress model, since the location of the onset of transition is
known in the inlet (discussed in the next subsection), the transition phenomenon is modeled
by setting the production of turbulence kinetic energy in all cells in the known laminar area
to zero and thus, the flow is effectively laminar in this region. Within the context of this
thesis, this approach is referred to as “laminar box”. The inflow conditions were specified in
Table 7.1.
7.1.4 General flow features in the SWL inlet
The general flow features inside the SWL inlet are illustrated in Fig. 7.5. The flow is first
compressed through an oblique shock wave from the leading edge of the first ramp. The
pressure gradient due to the flow deflection between the first ramp and the second ramp is
strong enough to cause a flow separation at the compression corner and the flow transitions
from laminar to turbulent over this separation bubble [56]. Before entering the interior part,
the flow experiences a supersonic expansion at the end of the second ramp. Compressible
relaminarization occurs here in which the turbulence intensity decreases significantly and the
velocity exhibits a laminar-like profile (but the boundary layer is not completely laminar).
After expanding, the flow encounters an oblique shock wave from the cowl lip. The large
adverse pressure gradient produced by this shock wave boundary layer interaction causes a
second separation bubble on the inlet wall. Before this separation can be accurately predicted,
the state of the boundary layer entering the interior part, which is a compressible turbulent
flow over the expansion corner, must be known. Downstream of this bubble, the flow is going
through several reflected shock waves and expansion waves before entering the combustion
chamber.
Fig. 7.6(a) and Fig. 7.6(b) show the typical pressure and heat transfer distributions along
the upper wall of the inlet. For clarification, the geometry of the upper part of the inlet
is also shown in these figures (the scaling is not exact for better visualization). At the
compression corner, the first separation bubble, over which the flow is transitional from
laminar to turbulent, can be seen through a pressure plateau and a drop in Stanton number.
After the reattachment shock wave, both the pressure and Stanton number rise steeply before
leveling off on the second ramp. At the sharp convex corner, the pressure drops due to
supersonic expansion and the Stanton number is also decreased which can be associated
to compressible relaminarization. Inside the interior part, the second separation bubble is
formed due to the shock wave from the cowl lip and this can be seen through the plateaus in
both pressure and Stanton number. Further downstream, reflected shock waves and expansion
waves cause considerable jumps in pressure and heat transfer rate.
7.1.5 The significance of turbulence kinetic energy
The significance of the turbulence kinetic energy k in the scramjet inlet is first assessed by
examining an a-priori 2D computation without k-inclusion using the SST model. Fig. 7.7(a)
shows the turbulence kinetic energy as a fraction of the total enthalpy. It can be seen that
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Figure 7.5 General flow features in the symmetry plane of the SWL inlet.
(a) (b)
Figure 7.6 Examples of (a) pressure distribution and (b) Stanton number distribution along the upper
wall of the symmetry plane of the inlet. 2D simulation of the SWL inlet using the SST
transition model. The geometry in (b) is scaled by a factor different from that in (a).
the magnitude of this ratio is about 0.05 to 0.1 across the separation bubble at the entrance
of the interior part. The amplification of turbulence kinetic energy here is probably a result
of the combined effects of adverse pressure gradient, concave streamline curvature, bulk
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compression and flow separation [93]. Furthermore, the amplification effect is more profound
when density is combined with k as shown in Fig. 7.7(b) in which the product of turbulence
kinetic energy and density is plotted as a fraction of pressure. This ratio is interesting because
the pressure is computed in the flow solver using Eqn. 5.6. The magnitude of ρk/P is in a
range from 30% to 60% around the second separation bubble. The ratio is most significant
in the reattachment region. This indicates that inclusion of turbulence kinetic energy will
influence the pressure and it is necessary to consider this formulation in order to ensure exact
conservation of energy and more accurate computation of pressure.
(a) (b)
Figure 7.7 (a) Contour plot of turbulence kinetic energy as fraction of total enthalpy. (b) Contour plot
of turbulence kinetic energy (multiplied by density) as fraction of pressure. 2D simulation
of the SWL inlet using the SST model.
The qualitative effect of including k into the total energy on the flow features is
demonstrated in Fig. 7.8(a) and Fig. 7.8(b). The figures show the Mach lines at the entrance
of the interior part, where the turbulence kinetic energy is significant (see Fig. 7.7(b)), for two
computations: one computation without k-inclusion and another one with k-inclusion. It can
be seen that, with k-inclusion, the onset of the second separation bubble is delayed and the
separation bubble is also smaller. The differences appear most noticeably in the area where
the turbulence kinetic energy is large.
7.1.6 Quantitative comparisons
In this section, the numerical results of 2D simulations of the SWL inlet using the SST
model are discussed and the effects of “k-inclusion”, “Re tensor trace” and “diffusion” are
considered. Here, the flow is assumed to be turbulent everywhere in the inlet.
Fig. 7.9(a) illustrates the pressure distribution along the upper wall of the inlet predicted
by the SST model. As expected, the most significant difference appears around the second
separation bubble at the entrance of the interior part. Inclusion of turbulence kinetic energy
delays the onset of separation and reduces the size of the bubble. This can be seen through
the smaller pressure plateau around x = 0.4m. As a consequence of a reduced separation
bubble, the reattachment shock wave is stronger and this results in higher pressure peaks
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(a) (b)
Figure 7.8 Plot of Mach lines at the entrance of the interior part. (a) The turbulence kinetic energy is
not included into the total energy. (b) The turbulence kinetic energy is included into the
total energy. 2D simulations of the SWL inlet using the SST model.
(a) (b)
Figure 7.9 (a) Pressure distribution and (b) Stanton number along the upper wall of the inlet. 2D
simulations of the SWL inlet using the SST model with various modifications.
downstream of the bubble. In contrast to the obvious effects of "k-inclusion", including the
turbulent diffusion in the energy equation and the last term on the right hand side in Eqn. 4.7
do not produce significant difference in the results. This is probably because the magnitudes
of these terms are still small in comparison to the other terms in the transport equation.
The heat transfer rate predicted by the SST model is shown in Fig. 7.9(b). Here, the
differences are only due to "k-inclusion" and are relatively smaller than in the pressure
prediction. This result is also expected because "k-inclusion" should have a stronger influence
on pressure than on total energy (as discussed in the previous section). It can be concluded
that the contribution of turbulence kinetic energy to the total energy is important and should
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not be neglected in the computations of hypersonic flows with strong shock boundary layer
interaction and flow separation. The use of "k-inclusion" is implemented as a standard option
in Quadflow.
7.1.7 The effects of compressibility corrections
The compressibility corrections are discussed here in combination with the SST transition
model and "k-inclusion". Fig. 7.10(a) and Fig. 7.10(b) show the pressure and the Stanton
number along the upper wall of the inlet. Since laminar-turbulent transition is taken into
account, the flow on the first ramp is now laminar, therefore the Stanton number is smaller
than that in fully turbulent computations. The appearance of a separation bubble between the
first ramp and the second ramp around x = 0.26m is visible through a pressure plateau. This
separation did not appear in the fully turbulent computations because turbulent boundary
layers can sustain higher pressure gradients than laminar boundary layers. Downstream
of the second separation bubble, the transition model predicts larger peaks in pressure and
Stanton number than the prediction of the fully turbulent computations (see Fig. 7.9(a) and
Fig. 7.9(b)).
Regarding the compressibility corrections, two substantial differences can be seen. First,
both Wilcox correction and Zeman correction predict larger flow separation at the entrance
of the interior part. Second, both corrections reduce the peak of the heat transfer over the
second separation bubble. This result indicates that compressibility corrections may provide
significant differences, especially in the heat transfer rate around the separation bubble.
Further study is needed to assess the applicability of the compressibility corrections.
(a) (b)
Figure 7.10 (a) Pressure distribution and (b) Stanton number along the upper wall of the inlet. 2D
simulations using the SST transition model and compressibility corrections.
123
7 Hypersonic Inlet Flows
7.1.8 Comparisons with experimental data
In this section, the comparisons of 3D computations of the SWL inlet with the measurements
are presented. The simulations were performed using the SST transition model and the RSM
model with “laminar box” (see section 7.1.3). The contribution of turbulence kinetic energy
to the total energy (“k-inclusion”) is included in all computations.
In 3D simulations (Fig. 7.11(a) and Fig. 7.11(b)), the prediction by the SST transition
model shows some discrepancies in comparison to the experimental data. The pressure
plateau at the entrance of the interior part is significantly lower than the measurements. The
Stanton number on the second ramp and the peak of heat transfer rate downstream of the
second bubble are also not close to the experimental data.
On the other hand, the prediction of the RSM model follows the measurements closely until
after the first pressure peak. The mismatch with the experimental data afterwards is possibly
because the reflected shock wave is not predicted accurately. It should be noted that the 3D
computation of the inlet using the RSM model was less stable than the 2D computation and
this is probably because the RSM model is more sensitive to the 3D features such as vortices
and flow separation which are unsteady in nature.
(a) (b)
Figure 7.11 (a) Pressure distribution and (b) Stanton number along the upper wall in the symmetry
plane of the inlet. 3D simulations of the SWL inlet using the SST transition model and
the RSM model with “laminar box”.
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7.2 Effects of sidewall compression in 3D scramjet inlet
7.2.1 Inlet model
The work in this and the subsequent sections came from a collaboration with the German
Aerospace Center (DLR) in Cologne as a part of the Research Training Group. In this
collaboration, the experiments of another scramjet inlet, namely, the “DLR inlet” were done
in the hypersonic wind tunnel H2K at the DLR and the computations were done at the Chair
for Computational Analysis of Technical Systems (CATS), RWTH Aachen University. The
DLR inlet was also designed in the first phase of the GRK [35] and has a very similar
geometry in comparison to the SWL inlet. The main differences between the SWL inlet
and the DLR inlet are the shapes of the leading edges, the expansion corner and the sidewall.
In the SWL inlet, the leading edges of the first ramp and the cowl lip are sharp while these are
blunt in the DLR inlet. Furthermore, the SWL inlet features a sharp, concentrated expansion
corner while the expansion corner of the DLR inlet is a curved surface. Both inlets contain
sidewalls of different shapes and sizes. CAD drawing of the symmetry plane of the DLR
inlet is shown in Fig. 7.12 and more information about this inlet can be found in Häberle and
Gülhan [36] and Hohn and Gülhan [40].
Figure 7.12 CAD drawing of the symmetry plane of the DLR inlet. Reproduced from Hohn and
Gülhan [40].
The effects of sidewall compression (SWC) in the DLR inlet are considered in this section.
Sidewall compression was achieved by mounting a 3D insert [41] onto the original sidewall
as illustrated in Fig. 7.13. This 3D insert provides a smooth contraction in the outer part
of the inlet and results in a reduced width of the interior part. Two different 3D inserts
were used: an 80-mm 3D insert and a 70-mm 3D insert that reduce the width to 80-mm
and 70-mm, respectively. These reductions are equivalent to sidewall compression angles of
approximately 1.7◦ and 2.5◦ along the outer part of the inlet.
The DLR inlet was tested in the Hypersonic Wind Tunnel H2K at the DLR in Cologne.
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Figure 7.13 Schematic drawing of DLR inlet with mounted 3D insert. Reproduced from Hohn and
Gülhan [41].
This facility is a blow down wind tunnel designed to simulate different Mach numbers
and Reynolds numbers using contoured nozzles. Two inflow conditions were used in the
experiments and are listed in Table 7.2. Only condition DLR A is used in the experiments
with sidewall compression. Condition DLR B is used in the relaminarization experiments
presented in the next section.
Table 7.2 Test conditions of the DLR inlet.
Cond. M∞ [-] Re∞,m [1/m] P0 [bar] T0 [K] Tw [K]
DLR A 7.0 4x106 7 500 300
DLR B 7.0 10x106 28.5 630 300
In the experiments, pressure was measured by static pressure ports and Stanton number was
deduced based on the data from the infrared thermography pictures in the experiments. The
uncertainties of the pressure coefficients and the Stanton number are±3.8-5.6 % and±20 %,
respectively [40]. The mass flow rate can be obtained through a rotational symmetric flow
meter with a conical plug as described by Häberle and Gülhan [35]. The exact dimensions of
the inlet, the performance of the wind tunnel and the detailed measurement techniques can
be found in Hohn and Gülhan [40]. For this inlet, the measured Stanton number is defined as
follows:
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St =
q˙conv
ρ∞V∞Cp,air (Trec − Tw) , (7.1)
in which q˙conv is the convective heat flux, ρ∞ and V∞ are the free-stream density and velocity,
Cp,air is the specific heat capacity of air at constant pressure and Trec and Tw are the recovery
and wall temperatures. The recovery temperature is given as
Trec =
(
1 + r
γ − 1
2
M2
∞
)
T∞, (7.2)
where γ is the heat capacity ratio and M∞ and T∞ are the free-stream Mach number and
temperature, respectively. r = 0.9 is the assumed recovery factor of this flow.
7.2.2 Grid generation
The grid used in this work was also originally created by Krause and Ballmann [57] for the
DLR inlet without sidewall compression. The grid is further refined and modified for the
geometries with sidewall compression here. The final grid represents half of the inlet and
consists of approximately 3 million cells. It should be noted that, for the computations with
sidewall compression, only part of the inlet is simulated. This part goes from the leading
edge of the first ramp to the end of the 3D insert (x = 440 mm).
The grid points in the wall normal direction are stretched by Poisson distribution in order
to achieve y+ smaller than 1 close to the wall everywhere in the computational domain (the
minimum distance to the wall is 10−6 meter). The transverse grid lines were created in such a
way that they are almost always perpendicular to the wall surface. At the blunt leading edge,
great care was taken to make sure that the grid lines approximately align with the bow shock
and the grid resolution is good enough to resolve the shock wave, see Fig. 7.14(a). Due to
geometric complexity, the leading edge of the cowl lip is assumed to be sharp instead of blunt
and the grid lines were clustered in this area to capture the lip shock (Fig. 7.14(b)).
(a) (b)
Figure 7.14 (a): Grid distribution around the blunt leading edge of the first ramp (b): Grid distribution
at the entrance of the interior part.
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Figure 7.15 Grid distribution of the inlet without (a) and with (b, c) sidewall compression.
Fig. 7.15 shows the 3D grids of the inlet with and without sidewall compression. It can
be seen that the grid lines in the spanwise direction are also stretched towards the sidewall in
order to resolve the boundary layer there.
7.2.3 Numerical results of DLR inlet without sidewall compression
The computations of the DLR inlet were performed using the SST model [70] with k-
inclusion. The numerical results of the inlet without sidewall compression is discussed first.
The general flow features in the symmetry plane of the inlet are illustrated in the bottom plot
in Fig. 7.16. The flow is first compressed by the bow shock from the blunt leading edge of the
first ramp. The separation bubble in between the first and second ramps is associated with a
separation shock wave and a reattachment shock wave. At the entrance of the interior part, the
flow experiences supersonic expansion and relaminarization at the end of the last ramp before
encountering an oblique shock wave from the cowl lip. The large adverse pressure gradient
produced by this shock boundary layer interaction causes the boundary layer to separate from
the inlet wall.
Similar to the SWL inlet, it was found in the experiment through the heat transfer
measurements [36] that the flow was transitioning in the shear layer over the separation
bubble between the first and second ramps. This phenomenon is taken into account in the
simulation by using the “laminar box” approach described in the previous section. The
validity of this approach is shown in Fig. 7.16 in which the wall pressure and the heat transfer
distributions along the bottom wall of the symmetry plane of the inlet are compared with the
measurements. For clarity, an additional fully turbulent computation was also performed and
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is included in this figure. Two distinct features are obvious in the computation with laminar
box: The flow is laminar on the first ramp which agrees much better to the experimental data
and the adverse pressure gradient due to the flow turning on the second ramp induces a flow
separation which causes a small pressure plateau in the last part of the first ramp. In the fully
turbulent computation, the boundary layer is less susceptible to the adverse pressure gradient,
thus, there is no flow separation in between the ramps.
Figure 7.16 Pressure and heat transfer along the bottom wall, in the symmetry plane of the DLR inlet
without sidewall compression. Mach lines are shown in the bottom plot.
The corner flow near the sidewall was discussed in detail in section 2.3.2. All the main
features in the Alvi and Settles’ model [1] (see Fig. 2.13(b)) can be observed in the current
computation as illustrated in the Mach and total pressure contour plots in Fig. 7.17. This plot
is taken from a plane normal to the free stream direction, at a certain distance downstream of
the leading edge of the first ramp. The λ shock, the expansion region and the primary vortex
are visible in the Mach contour plot while the slip line and the jet impingement are more
clearly shown in the total pressure plot. At the wall, the impinging jet diverges underneath
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the primary vortex and the corner between the ramp and the sidewall and initiates two
additional secondary vortices. These secondary vortices were observed in both experimental
and numerical works by Kubota and Stollery [58] and Knight et al [52].
(a) CFD, Mach number (b) CFD, total pressure
Figure 7.17 Illustration of the flow structures near the sidewall in the DLR inlet without SWC: 1) ramp
shock, 2) separation shock, 3) rear shock, 4) slip line, 5) expansion region, 6) impinging
jet, 7) primary vortex, 8) and 9) secondary vortices. The angles in (a) are denoted using
the notations in Fig. 2.15.
Fig. 7.18(a) shows the footprint of the flow structures on the ramps and the sidewall in
terms of Stanton number and surface streamtraces. On the first ramp, the separation bubble
is visible in between the line of separation and line of reattachment. It can be seen that
the bubble is highly three-dimensional because the size of the flow separation is larger near
the symmetry plane. A region of low Stanton number downstream of the separation line is
followed by a region of increasing heat transfer around and downstream of the reattachment
line. This region is then interrupted at the onset of the isentropic expansion surface where
the flow is relaminarized and the Stanton number drops (region 3). The flow is quite two-
dimensional in the relaminarization region except in the area close to the sidewall. At the
corner between the ramps and the sidewall, the flow is heated in the vicinity of the corner due
to the divergence of the jet impingement. Next to it, the presence of the corner (secondary)
vortex leaves a trace of a low heat transfer area (region 7). The surface structure on the ramps
is in good agreement with the infrared picture taken during the experiment (see Fig. 7.18(b)),
except that the predicted heat transfer at the corner on the second ramp is larger than what
seen in the experiment.
Along the sidewall surface, the footprints of the sidewall separation and the jet impinge-
ment are visible through a region of low Stanton number (around the sidewall separation line)
and a region of high Stanton number (region 6), respectively. The sidewall separation denotes
the beginning of the formation of the primary vortex while the jet impingement defines a
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region beyond which the flow is approximately parallel to the ramp [53]. In addition, the trace
of the secondary vortex can also be seen as a low heat transfer region in between regions 5
and 6. In this configuration, the shock waves associated with the second ramp do not change
the flow features near the sidewall dramatically. The most noticeable effect observed in the
numerical results is that the impinging jet becomes significantly stronger and amplifies the
heat transfer along the sidewall.
(a) CFD (half width) (b) Infrared picture (full width)
Figure 7.18 (a) Heat transfer contours and surface streamtraces on the ramp and the sidewall of the
DLR inlet without sidewall compression at condition DLR A. “Pt plot" refers to the total
pressure ratio plot as shown in Fig. 7.17. (b) Stanton number distribution on the external
ramps at condition DLR A, reproduced from Häberle and Gülhan [36].
So far it can be said that the simulation is able to capture all the expected flow features
at the corner qualitatively correct. In order to verify the results quantitatively, the theory
from Lu [65], which was presented in section 2.3.2, is used to assess the prediction of the
location of the triple point. Table 7.3 summarizes the computed flow angles from the theory
and from the numerical simulation. In the first line of this Table, β0 is computed from oblique
shock theory assuming that the shock wave is attached to the leading edge of the first ramp
and viscous effects are negligible. The other angles are computed from the formulae given
in section 2.3.2. In the second line, the same angles are approximated from the numerical
results. It is obvious that the predicted ψss and φtp are significantly different from those
obtained by theory which is due to the larger values of β0 and βU . The small difference in β0
is expected because the displacement effect of the boundary layer is not taken into account in
the theory. The large difference in βU is, however, more difficult to explain. While this could
be due to the numerical errors, it is also possible that the use of Eqn. 2.9 cannot be directly
extended beyond Mach 4. In the last line of Table 7.3, it is demonstrated that if βU computed
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from CFD is used as an input to the theory, better agreement is achieved between the theory
and the numerical results. Since the separation shock angle ψss defines the angle at which the
flow is deflected near the wall, it can be related to the mass flow spillage in the inlet. It will be
shown in the next section that the predicted mass flow rate agrees well with the measurement
which implies that the accuracy of the simulation is acceptable.
Table 7.3 Computed flow angles from the theory presented in section 2.3.2 and from numerical results.
β0 βU ψss φtp
Theory 15.4◦ 22.3◦ 27.5◦ 3.6◦
CFD 18.2◦ 33.9◦ 21.0◦ 7.1◦
CFD + Theory 15.4◦ 33.9◦ 18.4◦ 6.0◦
7.2.4 Numerical results of DLR inlet with sidewall compression
The effects of sidewall compression are now discussed. The top plot in Fig. 7.19 illustrates
the computed wall pressure along the bottom wall in the symmetry plane. Similar to the
configuration without sidewall compression, the flow is assumed to be laminar on the first
ramp. Here the numerical results are in good agreement with the measurements and the
assumption seems to be acceptable. As expected, increasing the sidewall compression
increases the pressure in the inlet. The earlier rise of the pressure on the first ramp at
larger sidewall compression indicates that the flow separation at the kink between the first
ramp and the second ramp is more severe. This is not surprising since, in case of sidewall
compression, the streamtube is compressed by both the ramps and the sidewall convergence,
streamwise pressure gradient is stronger and the laminar boundary layer separates earlier on
the first ramp. However, the measurements were not sufficient to conclude that the size of the
separation bubble was predicted accurately in the computations.
The flow features in the symmetry plane of the inlet with 70-mm insert are shown in the
middle plot in Fig. 7.19. Consistent with the discussion above, the separation bubble in
between the ramps is much larger in comparison to the inlet without sidewall compression
(see Fig. 7.16). This causes the separation shock to move significantly upstream and
eventually hits the leading edge shock. The interaction results in a deflected shock and a slip
line downstream of the triple point. In order to assess the influence of the separation bubble,
the flow features of an additional, fully turbulent computation are illustrated in the bottom
plot in Fig. 7.19. Since there is no flow separation in this case, the additional compression
is achieved more gradually through a series of compression waves on the first ramp and the
final deflected shock wave is weaker than that in the laminar box computation.
It is now interesting to examine how the presence of sidewall compression modifies the
flow structures and imposes more compression in the symmetry plane. Fig. 7.20 shows the
flow field in planes normal to the free-stream direction at three different streamwise locations.
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Figure 7.19 Top plot: pressure coefficient along the bottom wall in the symmetry plane. Middle and
bottom plots: Mach contours and iso-pressure lines.
For the case with sidewall compression, results from fully turbulent computations are also
included to isolate the effects of the separation bubble. At the first station (x = 0.07m), in
the configuration without sidewall compression, the ramp shock is slightly curved upward in
the vicinity of the triple point. This curve is due to the requirement that pressure must be
equal across the slip line. Here, the ramp shock is equivalent to a “Mach stem" in 2D Mach
reflection [65]. With sidewall compression, the flow must be compressed more in the region
close to the sidewall and this is achieved by a larger curve which extends further towards the
symmetry plane. This curve is analogous to a “Mach disk" in a typical symmetric corner
flow [22]. The streamwise flow (normal to the Y-Z plane) below this curve is deflected by an
angle larger than the ramp angle and the increase of pressure across the shock wave is larger.
Furthermore, the vortex is flattened and the associated flow structures are more confined to
the sidewall region. This station is upstream of the laminar separation so the flow fields in
the laminar box computation and fully turbulent computation are almost identical.
At the next station (x = 0.2m), the effect of sidewall compression is extended to the
symmetry plane. The ramp shock is being curved more significantly in comparison to the
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Figure 7.20 Mach contours in planes normal to the free-stream direction. SWC refers to the inlet with
70-mm insert.
configuration without sidewall compression which allows a greater compression as explained
before. Along the streamwise direction, this must be accompanied by a series of compression
waves on the ramp as seen in the bottom plot in Fig. 7.19. This causes the boundary layer
to separate earlier if the flow is laminar on the first ramp and results in a larger separation
bubble. The bubble, in return, causes a strong separation shock to deflect the flow around the
separation streamline. Thus, the ramp shock is bent even more upward. This phenomenon
can be seen by comparing the ramp shock in the laminar box computation to that in the fully
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Figure 7.21 (a) Heat transfer contours and surface streamtraces on the ramp and the sidewall of the
DLR inlet with 70-mm insert at condition DLR A. (b) Stanton number distribution on
the external ramps with 70-mm insert at condition DLR A, reproduced from Hohn and
Gülhan [41].
turbulent computation. The contour at x = 0.28m further confirms these observations.
The flow structures on the surface of the inlet with 70-mm insert are illustrated in
Fig. 7.21(a). In comparison to Fig. 7.18(a), the separation bubble is significantly larger
and the heated area on the second ramp is much less uniformly distributed in the spanwise
direction. Near the sidewall, a peak heating rate occurs due to the jet impingement of the
swept shock boundary layer interaction. Good agreement with the measurements from an
infrared camera in Fig. 7.21(b) can be observed.
The inlet performance without and with sidewall compression is summarized in Table 7.4.
In this table, the mass flow capture is defined as the ratio between the mass flow rate inside
the interior part and the available mass flow rate from the free-stream. Excellent agreement
between numerical results and experimental data can be observed. The pressure ratios are the
ratios between the pressures at the end of the computational domain (x = 440 m) and the free-
stream values. It can be seen that, while the static pressure is increased with the larger degree
of sidewall compression, both the mass flow capture and the total pressure ratio are reduced.
This is because the shock system has a tendency to deflect the flow more upward and there
are more pressure losses due to the stronger shock waves and larger separation bubble.
7.3 Effects of relaminarization in 3D scramjet inlet
The prediction of relaminarization in supersonic flows was discussed in detail in the previous
chapter. It was concluded that RANS models can replicate the mean flow features and the
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Table 7.4 Inlet performance without and with sidewall compression. The pressure ratio is defined as
the ratio of the exit pressure at x = 440 mm and the free-stream presure.
No SWC 80-mm insert 70-mm insert
Mass flow capture, experiment (%) 73%÷ 74% 60%÷ 62% 46%÷ 54%
Mass flow capture, CFD (%) 74% 63% 56%
Area-averaged static pressure ratio, CFD (-) 25.4 28.3 30.0
Mass-averaged total pressure ratio, CFD (-) 0.244 0.244 0.237
Reynolds stresses reasonably accurate for Mach number up to 3. The applicability of RANS
models for relaminarization at higher Mach number flows is verified in this section through a
combined experimental and numerical study.
7.3.1 Experiments and computations
In a scramjet inlet, relaminarization normally takes place at the entrance of the interior part
where the flow is being expanded along a convex corner or surface. It is, however, difficult
to quantify this phenomenon in the experiments because of the strong lip shock boundary
layer interaction just downstream of the relaminarizing flow. In order to isolate the effects
of relaminarization, experiments were done using the DLR inlet with the cowl removed. 3D
insert was not used and the width remains constant at 100 mm from the leading edge of the
inlet to the back of the interior part. Measurements of pressure and heat transfer upstream
and downstream of the curved expansion corner were deduced from pressure probes and
infrared thermography, respectively. The experimental results are then used to validate the
computations.
Two test conditions were used in the experiments, namely, condition A and condition B
(see Table 7.2, page 126). Condition B was considered in addition to the usual condition A
in order the assess the effect of Reynolds number on relaminarization. The standard grid of
the DLR inlet without sidewall compression is employed in the 3D computations. Since the
cowl is removed, the grid is approximately uniformly distributed in the streamwise direction
without stretching at the location where the cowl lip was before. Laminar-turbulent transition
is taken into account in the computations using the “laminar box” approach assuming the
boundary layer is laminar on the first ramp.
7.3.2 Results
The general flow field in the inlet is illustrated in the two bottom plots in Fig. 7.22. In
the absence of the cowl, the flow downstream of the second ramp gradually expands and is
accelerated across the shoulder. Since the density drops more quickly than the increase of
velocity, the boundary layer becomes much thicker downstream of the expansion. Both the
wall pressure and the heat transfer are decreased dramatically along the expansion surface as
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shown in the top plots in Fig. 7.22. The predicted wall pressure in the symmetry plane is in
excellent agreement with the measurements whereas the peak heating rate upstream of the
expansion is generally over-predicted. This is because the actual wall temperature did not
remain constant during the experiment. While the assumption of constant wall temperature
may seem to be valid due to short run time (approximately 20 seconds), there are certain hot
spots, such as the reattachment point on the second ramp, at which the wall temperature rose
up to 370 K during the test. Since the wall temperature is fixed at 300 K in the computation,
this explains the discrepancy at the peak heating rate. Downstream of this peak, on the
expansion surface, the decrease of Stanton number is predicted reasonably accurate. Here,
the upstream Mach number is approximately 4, therefore, it can be concluded that RANS
models can predict the pressure and heat transfer in a relaminarizing flow at an upstream
Mach number larger than 3.
Fig. 7.22 also illustrates that increasing the Reynolds number has several effects on the
flow. These effects are summarized in Table 7.5. At higher Reynolds number, the boundary
layer thickness is smaller on the first ramp and this causes a slightly weaker leading edge
shock. The Stanton number on the first ramp is also smaller because the free-stream density,
free-stream velocity and the total temperature were increased to achieve a higher Reynolds
number (see Eqn. 7.1 for the definition of Stanton number). Since the boundary layer is
thinner and the free-stream velocity is larger, the flow in the near wall region has relatively
higher momentum to resist the adverse pressure gradient due to the flow turning in between
the first and second ramps. Thus, the onset of the laminar separation on the first ramp is
delayed and the reattachment on the second ramp is earlier, as indicated in the wall pressure
and contour plots (Fig. 7.22). This is consistent with the flow features observed in the infrared
picture by Häberle and Gülhan [36]. Downstream of the reattachment, the Stanton number
distribution forms a plateau at which the peak heating rate remains constant and its value
is considerably lower than that at lower Reynolds number. At both Reynolds numbers, the
Stanton numbers drop to a similar asymptotic value from the peak value downstream of the
expansion surface.
Table 7.5 Summary of important flow properties observed in the numerical results. δ1BL is the
boundary layer thickness at x = 0.1m on the first ramp, xsep. and xreat. are the locations
of flow separation and reattachment in the symmetry plane, respectively and “St drop” is the
total reduction of Stanton number across the expansion region.
Cond. Re∞,m [1/m] δ1BL [mm] xsep. [m] xreat. [m] St drop [-]
DLR A 4x106 7.86 0.204 0.296 0.0077
DLR B 10x106 6.60 0.212 0.285 0.0060
The phenomenon of relaminarization will now be analyzed closer. An additional
computation in which the boundary layer is assumed to be fully laminar downstream of the
expansion surface (x > 0.38 m) was performed and the results are included in Fig. 7.22
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Figure 7.22 Pressure and heat transfer along the bottom wall, in the symmetry plane of the inlet with
the cowl removed. In the two bottom plots, Mach contours and iso-pressure lines are
shown.
(labelled as “lam. down."). This helps to quantify how low the Stanton number would be if
the flow was fully relaminarized. The heat transfer in this special case is slightly smaller than
that in the standard computation which indicates that the actual flow is close to fully laminar.
Fig. 7.23 shows three different velocity profiles plotted in terms of u+ and y+. The first
profile (x = 0.1m) was taken on the first ramp where the boundary layer is laminar and can be
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described by the viscous sub-layer relationship: u+ = y+. The second profile (x = 0.34m)
is downstream of the flow reattachment where the boundary layer is turbulent. Here, the
log layer undershoots the standard log-law because the boundary layer is still subjected to
the adverse pressure gradient. The third profile (x = 0.43m) represents the relaminarized
boundary layer downstream of the expansion region. It can be seen that this profile departs
from the log-law in which the viscous sub-layer is slightly extended, the buffer layer slightly
overshoots the log line and the wake layer collapses. The overall response is very similar to
that in the successive distortion test case in chapter 6.
Figure 7.23 The van Driest transformed velocity profiles plotted in wall coordinates at 3 locations:
x = 0.1m is on the first ramp, x = 0.34m is downstream of the flow reattachment on
the second ramp and upstream of the expansion region, x = 0.43m is downstream of the
expansion region. Each profile is extracted normal to the local wall surface.
Fig. 7.24(a) illustrates that the turbulence kinetic energy is decreased significantly across
the expansion waves and further downstream. This reduction is a combined effect of pressure
gradient, streamline curvatures and bulk dilatation. As proven in the previous chapter, bulk
dilatation is the most important factor in the outer layer and is more dominant when the
expansion is stronger. In order to further illustrate the extension of the laminar viscous sub-
layer, Fig. 7.24(b) shows the ratio of turbulent viscosity and laminar viscosity. Upstream of
the expansion region, it can be seen that the turbulent viscosity is much larger than the laminar
one, except in the vicinity of the solid wall. Due to both the suppression of turbulence and
the expansion of the boundary layer, the region in which the laminar viscosity is important
is enlarged significantly downstream of the inlet shoulder. This observation supports the
proposal of the formation of a new laminar sub-layer by Narasimha and Sreenivasan [71].
Since laminar boundary layer is more susceptible to flow separation, this thick laminar sub-
layer would be partially responsible for the large separation bubble at the entrance of the
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interior part if the cowl was not removed.
(a) (b)
Figure 7.24 The effects of rapid expansion on turbulence in the DLR inlet with cowl cut-out of the
experiment. The background is the contour plot of (a) the turbulence kinetic energy or
(b) viscosity ratio. The solid lines are the iso-pressure lines and the dashed lines are the
former flow features when the cowl was installed.
The three-dimensional flow features, in term of heat transfer contours and surface
streamtraces, are shown in Fig. 7.25. As discussed before, it can be seen that the flow
separation in between the first ramp and the second ramp is smaller at higher Reynolds
number. Furthermore, the streamtraces are mostly parallel across the expansion region
indicating that relaminarization is two-dimensional. Downstream of the convex surface, a
strong streamline divergence towards the symmetry plane is observed which is probably due
to the expansion of the corner vortex that forces the impinging flow away from the sidewall.
This effect is less severe at higher Reynolds number.
7.3.3 Criterion of relaminarization
The criterion of relaminarization from Narasimha and Viswanath [72] (see section 2.1.4) was
used in the previous chapter to assess the occurrence of relaminarization. It was derived
based on a collection of experiments where the upstream Mach number is less than 3 and it
is only valid in this regime. Since the Mach number upstream of the expansion region in the
SWL and DLR inlets are approximately 4, the results of this work provide a chance to test the
possibility to extend the criterion to higher Mach number. The computed criterion from the
numerical results are given in Table 7.6. It can be seen that, at both Reynolds numbers, the
ratio ∆P/τ0 is smaller than 70 even though the boundary layer is very close to fully laminar
as discussed previously. This is because the velocity gradient at the wall is much larger when
the free-stream Mach number is larger, thus, τ0 is increased significantly and causes a smaller
value of ∆P/τ0 despite of a strong reduction in pressure. Therefore, it seems that a Mach
number correction is required in order to extend the use of the criterion beyond Mach 3. This
correction cannot be obtained here due to the limited available data at high Mach numbers
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(a) Condition DLR A, Re∞,m = 4x106 m−1 (b) Condition DLR B, Re∞,m = 10x106 m−1
Figure 7.25 Heat transfer contours and surface streamtraces on the ramp and the sidewall of the DLR
inlet with the cowl removed.
but it is an interesting topic for future work.
Table 7.6 Application of the relaminarization criterion from Narasimha and Viswanath [72] to the
flow across the convex shoulder in the DLR inlet.
Cond. Mupstream [-] Re∞,m [1/m] ∆P/τ0 [-]
DLR A 4.0 4x106 47.8
DLR B 4.0 10x106 59.4
7.4 Simulations of a new 3D scramjet inlet within the GRK
It can be seen in previous sections that several undesirable issues arise from the SWL and
DLR inlets. The most critical problem is the large separation bubble at the entrance of
the interior part which causes large pressure losses and flow blockage. Another issue is
the strong sidewall ramp shock interaction that leads to energy losses due to vorticity and
increased mass flow spillage near the sidewall. In order to minimize these issues, a new inlet
configuration was designed within the GRK in the second phase. Fig. 7.26(a) illustrates a
schematic drawing of the new inlet model which is highly three-dimensional with sidewall
compression and cannot be scaled down to a 2D configuration. Unlike the SWL and DLR
models, this inlet has only one ramp for external compression. The sidewall and the ramp are
connected via a curved surface to reduce the effects of sidewall vortices. The corners are also
curved inside the interior part of the inlet. The most interesting feature of the new inlet is
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a movable V-lip that was designed to maximize the mass flow capture at different operating
conditions. This is explained in more details below.
(a) (b)
Figure 7.26 (a) Schematic drawing of the new 3D inlet configuration with movable V-lip. (b) Grid of
half of the inlet.
A common criterion used in designing a scramjet inlet is the shock-on-lip condition in
which the ramp shock should be as close as possible to but not impinging on the cowl lip.
This is to ensure that most of the deflected flow behind the ramp shock goes into the engine
without causing a strong shock boundary layer interaction at the cowl lip. The angle of
the oblique shock is, however, dependent on the free-stream Mach number: at higher Mach
number, the angle is smaller and vice versa (see Anderson [2]). Therefore, a movable cowl
lip, as was proposed for the new inlet, is attractive because the cowl lip location can be
optimized over a wide range of Mach number. This advantage is achieved at the expense of a
more complex mechanical system. It was also shown in the previous section that the corner
flow tends to deflect the ramp shock more upward and results in more flow spillage near the
sidewall. In order to reduce this spillage drag, the cowl lip of the new inlet has a V-shape
where the lip is extended further upstream in the sidewall area.
At the time of writing this thesis, the new inlet model is still in the manufacturing phase
and a testing campaign in the windtunnel at the DLR in Cologne is being planned. This
work serves as a preliminary computational study to assess the aerodynamic characteristics
and performance of the new inlet. This includes simulating the inlet at flight condition and
different test conditions, determining the correct lip location to be used for each of these
free-stream conditions, examining the effects of different wall temperatures and laminar-
turbulent transition. The inlet performance can then be quantified and compared to the
old configurations. Proper flow conditions at the exit of the isolator is also an important
requirement to ensure supersonic and stable combustion.
142
7.4 Simulations of a new 3D scramjet inlet within the GRK
7.4.1 Grid generation
Due to the geometric complexity of the new inlet, grid generation requires the possibility of
directly importing the CAD model into the grid generator so that the geometry can be defined
accurately. Since this function is very limited in MegaCads and not available in Gnagg,
ICEMCFD was used to create a multi-block structured grid (see Fig. 7.26(b)). O-grid blocks
are used around the curved surfaces to make sure that the grid lines are always approximately
perpendicular to the surface. The grid is stretched towards the sidewall to achieve small
y+ values (4y = 10−6 m) and along the edges to resolves the shock wave emanation (see
Fig. 7.27). The grid has approximately 3.2 million cells in total.
(a)
(b)
Figure 7.27 Close-up views of (a) the front and (b) the rear of the new inlet grid.
7.4.2 Inlet performance at flight condition
Since the inlet was designed for a scramjet demonstrator, it is first tested at flight conditions
(see Table 7.7). The wall temperature is assumed to be constant and equal to 300K even
though this variable may vary over a wide range in flight. A difficulty in simulating a
scramjet inlet is the capability to predict laminar-turbulent transition. This phenomenon must
be considered because the free-stream flow in flight contains very little disturbances and the
flow is normally laminar at the entrance of the inlet. While laminar flow causes less skin
friction and thus, less friction drag, it is more susceptible to flow separation due to an adverse
pressure gradient. Therefore, the predicted flow field may alter significantly if transition is
not taken into account. In the old inlet model, this phenomenon takes place in the shear layer
around the separation bubble at the kink between the first ramp and the second ramp. Thus,
the point of transition is fixed and this can be handled conveniently by using either a “laminar
box” as shown in the previous section or a well-validated correlation-based transition model.
For the new inlet with only a single ramp for external compression, however, the transition
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point is not fixed anymore and transition prediction can only rely on a transition model.
In the computations, both the SST model [70] and the SST transition model with in-house
correlation [56] are used to assess the effects of laminar-turbulent transition. When the SST
model is employed, the boundary layer is assumed to be fully turbulent at the leading edge of
the inlet which can be obtained in reality if the inlet is instrumented with turbulators.
Table 7.7 Flight conditions used in the simulations of the new inlet model.
M∞ [-] Re∞,m [1/m] ρ∞ [kg/m3] T∞ [K] Tw [K]
8.0 2.95x106 0.018 226 300
Several V-lip locations were simulated at flight conditions, including V-lip 340, 350, 355
and 360. The numbers denote the streamwise location of the intersection of the V-lip and a
reference design plane near the sidewall. The larger the number is the further downstream the
V-lip location is. It was found that when the flow is fully turbulent (computations with the
SST model), V-lip 355 must be used to achieve the shock-on-lip condition at Mach 8. When
the transition model is used, since laminar boundary layer is thinner than turbulent boundary
layer, the angle of the ramp shock is smaller and V-lip 360 is required for the shock-on-lip
condition.
Figure 7.28 Flow features in the symmetry plane of the new inlet with V-lip 360. The color lines
represent the Mach contour and the black lines with arrow heads are the streamlines.
Computation with the SST transition model.
Fig. 7.28 illustrates the flow features in the symmetry plane of the new inlet with V-lip 360.
The computation was performed with the SST transition model. In this case, there is only one
ramp shock. The interaction with the sidewall shock causes the ramp shock to bent upward
midway at x ' 0.38 m and this is associated with a series of compression fans on the ramp.
A region of low momentum appears at the entrance of the interior part which seems to be a
separation bubble due to the lip shock impingement. However, the plotted streamlines do not
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show any sign of reversed flow but the flow is rather being lift up and expanded in this region.
Fig. 7.29(a) shows the Mach contour of the whole inlet in a 3D view. Here, it can be clearly
seen that the V-lip helps to increase the mass flow captured by extending the lip forward near
the sidewall. The representative streamtubes in the inlet are illustrated in Fig. 7.29(b) where
the formation of several vortices can be observed. The existence of a vortical motion near the
symmetry plane at the entrance of the interior part explains the flow lift-up in this area.
(a) (b)
Figure 7.29 (a) Mach contour and (b) vortices in the new inlet. Computation with the SST transition
model.
The performance of the new inlet is summarized and compared with the DLR inlet in
Table. 7.8. With a highly optimized design of the lip in terms of location and shape, the
captured mass flow of the new inlet is significantly larger than that of the DLR inlet. This,
together with the relatively less severe flow separation, leads to a better total pressure ratio
and kinetic energy efficiency. The CFD results indicate that the new inlet design is promising
and is able to provide good performance.
Table 7.8 Comparison of the performance between the DLR inlet and the new inlet with V-lip 360.
CFD was performed with the SST transition model.
DLR inlet (experiment) New inlet (CFD)
Mass flow capture [%] 71% 98%
Mass-averaged total pressure ratio [-] 0.12 0.4
Kinetic energy efficiency [-] 0.915 0.99
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7.4.3 Interaction with combustion simulations
Another requirement in the preliminary design phase of an inlet prior to testing is that the
inlet must be able to deliver the desired flow conditions to the combustion chamber. The
general rules for this specific scramjet engine are that, at the entrance of the combustor, the
Mach number should be sufficiently low and the static temperature should be sufficiently
high so that self-ignited supersonic combustion can be obtained. Furthermore, it is desirable
to have a relatively uniform flow field so that combustion is stable. Fig. 7.30 illustrates
the Mach number and the temperature distribution at the interface between the interior part
of the inlet and the combustion chamber. Because of the vortices, there exists a region of
low Mach number and high static temperature at the bottom of the combustor and along the
sidewall. The Mach number and static temperature are quite uniform in the middle of the
combustion chamber. Since a central strut injector is used in the design of the combustion
chamber [83], the flow uniformity seems to be sufficient. The mass-weighted average values
of Mach number, static temperature, streamwise velocity and static pressure at the entry of
the combustor are given in Table 7.9.
Table 7.9 Mass-weighted average values of the flow properties at the interface between the interior
part of the inlet and the combustion chamber.
p [Pa] T [K] u [m/s] M [-]
42957 879 2033 3.57
A collaboration with the Institute of Aerospace Thermodynamics (ITLR), University of
Stuttgart was made in order ensure that supersonic combustion can be achieved with the
new inlet model. Combustion simulations were performed at the ITLR using the inflow
profile from the inlet computations. The inflow profile contains all necessary variables to
precisely describe the flow field coming from the inlet towards the combustion chamber
preserving all features of the already developed flow field such as shock waves, turbulent
boundary layer, separation regions, etc. It was found that supersonic combustion can be
obtained with both single-staged injector and two-staged injector. Fig. 7.31 shows the Mach
number distribution in the combustion chamber at a representative equivalence ratio from
the combustion computation. The effects of wall temperature were also studied in this
collaboration. The interested reader is referred to Rabadan and Weigand [83] for more details.
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(a) (b)
Figure 7.30 (a) Temperature and (b) Mach number distribution at the interface between the interior
part of the inlet and the combustion chamber. Computation with the SST model.
Figure 7.31 Static temperature distribution in the combustion chamber with single-staged injector. The
equivalence ratio is 0.55. Reproduced from Rabadan and Weigand [83].
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8.1 Summary
8.1.1 Prediction of Relaminarization
This thesis presents numerical investigations of relaminarization in supersonic and hyper-
sonic flows using RANS turbulence models. The goal is to identify suitable turbulence
models that can be used in the design and development process of a 3D scramjet inlet by
means of numerical simulation. The computations were performed using QUADFLOW,
an in-house finite volume flow solver. Two baseline turbulence models were considered
which are the SST model from Menter [70] and the SSG/LRR-ω Reynolds stress model from
Eisfeld [27]. Several modifications for these two models were proposed and tested within the
scope of this work.
For the relaminarization problem, four different test cases were considered featuring two
different configurations. In the first configuration, a fully turbulent boundary layer which
was subjected to distortion by a centered expansion corner, was simulated. The results
predicted by the SST model and the Reynolds stress models are in excellent agreement with
the experimental data. In the vicinity downstream of the expansion corner, the pressure and
the wall shear stress are reduced and the boundary layer is fuller and thicker. The van Driest
transformed velocity profiles overshoots the log layer while the wake layer collapses. The
turbulence intensity (streamwise Reynolds stress) decreases throughout the whole boundary
layer. Further downstream, the recovery is quick in the near wall region but slow in the outer
layer of the boundary layer.
In the second configuration, successive distortions of a fully turbulent boundary layer
across a compression corner or a concave surface and an expansion corner or a convex
surface were considered. The strengths of distortions are equal but of opposite sign. The
numerical results resemble all the main flow features and are in reasonable agreement with
the measurements. The discrepancies are mostly due to the inability of RANS turbulence
models to predict flow under an adverse pressure gradient accurately. The effects of three-
dimensionality were examined in additional 3D computations. While 3D effects can be
observed due to the flow separation at the sharp compression corner, their influences on the
mean flow prediction is small.
The flow across the expansion corner was shown to be strongly stabilized in which the
mean motion naturally suppressed all the components of the Reynolds stress tensor through
combined effects of pressure gradient, flow acceleration, streamline curvature and bulk
dilatation. The Reynolds shear stress may even change sign in the outer portion of the
boundary layer. Downstream of the corner, the recovery is quick in the near wall region
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due to the large main strain rate. In the outer layer, the fuller velocity profile and the reduced
Reynolds stresses inhibit the recovery of turbulence. Further numerical analysis reveals that
the production of the turbulence kinetic energy became negative in the strong interaction
region as suggested by Smith and Smits [92] and Arnette et al. [3]. This means that the energy
was transferred from the fluctuating motion to the mean motion and reverse transition or
relaminarization took place. Though multiple extra strain rates were at work, bulk dilatation
was proven to be the most important factor as it played a big role in suppressing both the
Reynolds stresses and the turbulence kinetic energy. The results also suggested that bulk
dilatation is more dominant when the expansion is stronger. This is consistent with previous
findings, e.g., Dussauge and Gaviglio [25].
In order to study the flow near the expansion corner where experimental data are not
available, a highly resolved large-eddy simulation was performed by Konopka et al. [54]
in a collaborative work. Using the LES results as a guidance, a near wall Reynolds stress
model was developed to better capture the Reynolds stress anisotropy near the wall. It was
found in LES that the boundary layer is quasi-laminar in the immediate region downstream
of the expansion corner before retransitioning to a turbulent state. Furthermore, comparison
between LES and RANS reveals that, while the near wall RSM provides improvement on the
prediction of the Reynolds stresses upstream and far downstream of the expansion corner,
it does not predict the retransition phenomenon correctly. Nevertheless, the prediction of
the mean flow field is still sufficiently accurate and RANS models are still suitable for
relaminarizing flow from a practical view point.
The success of RANS turbulence models can be explained by two reasons. Firstly, the
flow is pressure-driven since turbulence is reduced across the expansion region. Thus, the
accuracy of the turbulence models is less important. Secondly, the production term plays a
dominant role in the transport equations of the Reynolds stresses while the other terms are
either less sensitive to the distortion or negligible. It is concluded that the Reynolds stress
model is the most suitable turbulence model for this type of flow since it contains the exact
production of the Reynolds stresses. For engineering applications, eddy viscosity models
may also be employed with some caution.
8.1.2 Simulations of 3D scramjet inlets
Several 3D computations were performed for three different scramjet inlets in which several
numerical and physical phenomena were examined. First, the effects of additional terms
in compressible formulation were considered and it was concluded that the contribution of
turbulence kinetic energy to the total energy is necessary and should not be neglected in
hypersonic flows with strong shock boundary layer interaction and flow separation.
Second, simulations were carried out to assess the effects of sidewall compression and
relaminarization on the performance of a 3D scramjet inlet. Sidewall compression was
achieved by introducing a smooth contraction along the outer part of the inlet. Excellent
agreement with the wall pressure measurements were observed and the flow features suggest
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that a convergent sidewall compresses the flow by curving the ramp shock upward in the
vicinity of the sidewall and extending this curve towards the symmetry plane. It was also
demonstrated that this phenomenon would be enhanced if the flow separated on the ramp. The
numerical results indicate that sidewall compression alter the inlet performance significantly.
While the static pressure is increased due to more compression, both the mass flow capture
and the total pressure ratio are reduced. This is because the shock system has a tendency to
deflect the flow more upward and there are more pressure losses due to stronger shock waves
and larger separation bubble.
Relaminarization was studied experimentally and numerically by testing the inlet with the
cowl removed at two different Reynolds numbers. The computations predict the measured
wall pressure accurately. The predicted heat transfer is acceptable, except around the
reattachment point on the second ramp where the peak heating rate is over-predicted. This
is because the wall temperature increased significantly in the experiment and this was not
taken into account in the computations. Downstream of the expansion surface, both the
Stanton number and the turbulence kinetic energy are reduced dramatically. The flow is
found to be quasi-laminar and there is a formation of a thick viscous sub-layer. At the higher
Reynolds number, the overall reduction of heat transfer is smaller, indicating that the flow is
less relaminarized.
Finally, a new 3D inlet, which was designed during the second phase of the GRK,
was tested numerically. Based on the aerodynamic characteristics and performance of the
previous inlets, this new inlet is optimized with sidewall compression and a movable V-lip.
Numerical computations showed that this inlet provides a promising performance in terms
of mass flow capture and efficiency. Supersonic combustion was shown to occur in separate
simulations done by Rabadan and Weigand [83] at the ITLR in which the inflow profile is
taken from the inlet computation. This work contributed to the design and development of a
scramjet demonstrator within the GRK 1095 through several successful cooperations.
8.2 Future directions
The improved understanding on relaminarization and the predictive capability of RANS
models have allowed the following suggestion for future work. While common RANS models
appear to be sufficiently good for relaminarization in supersonic flows, it should be noted that
the retransitioning region downstream of the expansion corner considered in the previous
section was relatively short, thus, its influence on the mean flow field is negligible. When
the expansion is stronger, it is entirely possible that the flow can remain quasi-laminar for
a long distance as suggested by Goldfeld [34] and Johnson [48] and RANS models may
not be suitable anymore. Before this can be confirmed, more experiments and high-fidelity
computations such as DNS or LES are required for validation purposes. These will also help
to identify the mechanism of retransition which was termed as the “island of ignorance” by
Sreenivasan [98]. However, for scramjet application where strong interaction happens in the
vicinity downstream of the expansion region, it is more important to develop a capability to
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predict the shock wave turbulent boundary layer interaction more accurately.
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